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Abstract. We establish a stochastic maximum principle for finite-horizon optimal control
of stochastic Volterra integral equations with the fractional kernel 𝑘(𝑡) = 𝑡𝐻−1/2/Γ(𝐻 +1/2),
Hurst index 𝐻 ∈ (0, 1/2], Lipschitz coefficients and a convex compact control set. The adjoint
process solves a backward stochastic Volterra integral equation (BSVIE) in which the forward
kernel is read over later times and the gradient of the terminal cost enters with the singular
weight 𝑘(𝑇 − 𝑡). An optimal control satisfies the first-order form of the maximum condition,
which is pointwise maximisation of the Hamiltonian when the Hamiltonian is concave in the
control; when the terminal cost is convex and the Hamiltonian is jointly concave in state and
control, the condition is also sufficient. A linear–quadratic example has a closed-form adjoint
in Mittag-Leffler functions, which we check against direct numerical solutions.

WP-2026-48040577 · Optimal Control & Decision Desk · Working Paper · Published
19-SEP-2024 · Reading time: about 21 min

1. Introduction

The classical stochastic maximum principle (Yong–Zhou [1], Peng [2]) gives necessary
conditions for optimality in controlled stochastic differential equations driven by Brownian
motion: the adjoint process solves a backward stochastic differential equation (BSDE), an
optimal control maximises the Hamiltonian, and under concavity the condition is also
sufficient. The derivation rests on the semimartingale structure of the state, through Itô’s
product rule for the adjoint and the variation of the state.

Rough-volatility models remove that structure. Estimates of the regularity of realised log-
volatility give a Hurst index of order 0.1 (Gatheral–Jaisson–Rosenbaum [3]), and pricing
under such models (Bayer–Friz–Gatheral [4]) works with Volterra dynamics,

𝑋𝑡 = 𝑥0 + ∫
𝑡

0
𝑘(𝑡 − 𝑠) 𝑏(𝑠, 𝑋𝑠, 𝑢𝑠) d𝑠 + ∫

𝑡

0
𝑘(𝑡 − 𝑠) 𝜎(𝑠, 𝑋𝑠, 𝑢𝑠) d𝑊𝑠, (1.1)

in which the kernel 𝑘 carries the memory of the driver. For a fractional kernel with
𝐻 < 1/2 the state is neither a Markov process nor a semimartingale, and the adjoint
BSDE does not apply.

1Correspondence: Optimal Control & Decision Desk, Zamrik Quant Research, info@zamrik.com.
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A Stochastic Maximum Principle for Volterra SDEs

Yong [5] introduced backward stochastic Volterra integral equations and used them as
adjoint equations in a Pontryagin-type maximum principle for stochastic Volterra integral
equations; the linear–quadratic problem for such equations was studied by Wang [6]. This
paper gives a self-contained treatment for the singular fractional kernel. Two features
distinguish the result from the Markovian one: the adjoint reads the forward kernel over
later times, and the gradient of the terminal cost enters with the weight 𝑘(𝑇 − 𝑡), which
is singular at maturity — a control applied just before 𝑇 moves the terminal state with
an unbounded weight.

1.1 Contributions

1. Forward equation (Theorem 1, Lemma 1). The controlled Volterra SDE has
a unique strong solution, with Hölder paths of every order below 𝐻. The solution
depends Hölder-continuously, not Lipschitz-continuously, on the control in the 𝐿2

norm when 𝐻 < 1/2, and Lemma 1 shows that the Lipschitz bound fails.

2. Adjoint BSVIE (Definition 6, Theorem 2). For each admissible control the
adjoint equation has a unique solution, by a contraction in a weighted norm.

3. Duality (Lemma 3). The derivative of the cost in a direction of control is an
integral of the control gradient of the Hamiltonian along the adjoint.

4. Maximum principle (Theorems 3 and 4). The first-order necessary condition,
which is pointwise maximisation under concavity in the control, and its sufficiency
under joint concavity.

5. Example (Proposition 2). A linear–quadratic problem with a closed-form adjoint
and optimal control, checked numerically in §6.

§2 fixes the setting, §3 treats the forward equation, §4 the adjoint and the duality identity,
§5 the maximum principle, §6 the example and its numerical check, and §7 concludes.
Appendix A collects the kernel estimates.

2. Preliminaries

Throughout, (Ω, ℱ, (ℱ𝑡)𝑡∈[0,𝑇 ], ℙ) is a complete filtered probability space supporting a
𝑑-dimensional Brownian motion 𝑊 , (ℱ𝑡) is its augmented natural filtration, and 𝑇 ∈
(0, ∞) is a fixed horizon. All processes are progressively measurable. We write 𝕊𝑝 for
the processes 𝜉 with sup𝑡 𝔼‖𝜉𝑡‖𝑝 < ∞, 𝕃 for those with ∫𝑇

0 (𝔼‖𝜉𝑡‖2)1/2 d𝑡 < ∞, and 𝐿2
ℱ

for those with 𝔼 ∫𝑇
0 ‖𝜉𝑡‖2 d𝑡 < ∞. For 𝜉 ∈ 𝐿2(ℱ𝑇 ) the martingale representation theorem

gives 𝜉 = 𝔼𝜉 + ∫𝑇
0 𝜁𝜉

𝑟 d𝑊𝑟 with a unique 𝜁𝜉 ∈ 𝐿2
ℱ, the representation integrand of 𝜉.

Matrices are paired by ⟨𝐴, 𝐵⟩ = tr(𝐴⊤𝐵).

2.1 Volterra SDE and the fractional kernel

The state process is the solution of a controlled stochastic Volterra integral equation.
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Definition 1 (Controlled Volterra SDE). For a kernel 𝑘 ∶ (0, 𝑇 ] → ℝ+, coefficients 𝑏 ∶
[0, 𝑇 ] × ℝ𝑛 × 𝑈 → ℝ𝑛, 𝜎 ∶ [0, 𝑇 ] × ℝ𝑛 × 𝑈 → ℝ𝑛×𝑑 and an admissible control 𝑢 (Definition
3), the controlled Volterra SDE is

𝑋𝑡 = 𝑥0 + ∫
𝑡

0
𝑘(𝑡 − 𝑠) 𝑏(𝑠, 𝑋𝑠, 𝑢𝑠) d𝑠 + ∫

𝑡

0
𝑘(𝑡 − 𝑠) 𝜎(𝑠, 𝑋𝑠, 𝑢𝑠) d𝑊𝑠, 𝑡 ∈ [0, 𝑇 ],

with initial value 𝑥0 ∈ ℝ𝑛.

Definition 2 (Fractional kernel). For a Hurst index 𝐻 ∈ (0, 1/2] and 𝛼 ∶= 𝐻 + 1/2, the
fractional kernel is

𝑘(𝑟) = 𝑟𝐻−1/2

Γ(𝐻 + 1/2) = 𝑟𝛼−1

Γ(𝛼), 𝑟 ∈ (0, 𝑇 ].

For 𝐻 < 1/2 it is singular at 𝑟 = 0 but square-integrable on [0, 𝑇 ]. For 𝐻 = 1/2, 𝑘 ≡ 1
and Definition 1 is an ordinary Itô SDE. For 𝐻 < 1/2 the increments of the stochastic
convolution ∫𝑡

0 𝑘(𝑡 − 𝑠) d𝑊𝑠 have variance of order |𝑡 − 𝑠|2𝐻, so its paths are rougher than
Brownian ones.

The kernel parametrises a family of Volterra equations from Brownian dynamics (𝐻 = 1/2)
to arbitrarily rough ones (𝐻 → 0+); Decreusefond–Üstünel [7] develop the stochastic anal-
ysis of the corresponding fractional processes. Appendix A collects the kernel estimates
used below.

2.2 Admissible controls

The control values lie in a fixed convex compact set 𝑈 ⊂ ℝ𝑚.

Definition 3 (Admissible controls). The set of admissible controls is

𝒰ad = {𝑢 ∶ [0, 𝑇 ] × Ω → 𝑈 ∣ 𝑢 is progressively measurable}.

No integrability condition is needed: every 𝑢 ∈ 𝒰ad is bounded by the diameter of 𝑈 ,
which we denote 𝐷.

2.3 Cost functional

The decision-maker chooses 𝑢 ∈ 𝒰ad to minimise a cost.

Definition 4 (Cost functional). For a running cost 𝑓 ∶ [0, 𝑇 ]×ℝ𝑛 ×𝑈 → ℝ and a terminal
cost 𝑔 ∶ ℝ𝑛 → ℝ,

𝐽(𝑢) = 𝔼[∫
𝑇

0
𝑓(𝑡, 𝑋𝑢

𝑡 , 𝑢𝑡) d𝑡 + 𝑔(𝑋𝑢
𝑇 )] , 𝐽 ⋆ = inf

𝑢∈𝒰ad
𝐽(𝑢),

where 𝑋𝑢 solves Definition 1 under the control 𝑢.
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2.4 Standing assumptions

Assumption 1 (Lipschitz coefficients). The functions 𝑏, 𝜎, 𝑓, 𝑔 are continuous and Lips-
chitz in (𝑥, 𝑢) uniformly in 𝑡:

|𝑏(𝑡, 𝑥1, 𝑢1) − 𝑏(𝑡, 𝑥2, 𝑢2)| + |𝜎(𝑡, 𝑥1, 𝑢1) − 𝜎(𝑡, 𝑥2, 𝑢2)| ≤ 𝐿 (‖𝑥1 − 𝑥2‖ + ‖𝑢1 − 𝑢2‖),

and likewise for 𝑓 and 𝑔. The control set 𝑈 is convex and compact.

Assumption 2 (Differentiability). The functions 𝑏, 𝜎, 𝑓 are continuously differentiable in
(𝑥, 𝑢) on [0, 𝑇 ]×ℝ𝑛 ×𝑈 with derivatives bounded by 𝐿, and 𝑔 is continuously differentiable
with ‖𝑔𝑥‖∞ ≤ 𝐿.

Assumption 1 gives the forward well-posedness of §3; Assumption 2 is used from Proposi-
tion 1 on.

2.5 The Hamiltonian

The maximum principle is stated with the following Hamiltonian.

Definition 5 (Hamiltonian). For (𝑡, 𝑥, 𝑢, 𝑦, 𝑧) ∈ [0, 𝑇 ] × ℝ𝑛 × 𝑈 × ℝ𝑛 × ℝ𝑛×𝑑,

H (𝑡, 𝑥, 𝑢, 𝑦, 𝑧) = ⟨𝑦, 𝑏(𝑡, 𝑥, 𝑢)⟩ + ⟨𝑧, 𝜎(𝑡, 𝑥, 𝑢)⟩ − 𝑓(𝑡, 𝑥, 𝑢).

This is the sign convention of Yong–Zhou [1] for a minimisation problem: the running cost
enters with a minus sign, the adjoint of §4 is minus the gradient of the cost-to-go, and
an optimal control maximises H . Under Assumption 2, H is 𝐶1 in (𝑥, 𝑢) and affine in
(𝑦, 𝑧).

3. The Controlled Volterra SDE

This section shows that Definition 1 is well-posed, with Hölder paths, and how its solution
depends on the control. The argument is a fixed point in a weighted norm that absorbs
the singularity of the kernel.

3.1 Forward well-posedness

Theorem 1 (Existence and uniqueness). Under Assumption 1, with the fractional kernel
of Definition 2, for every 𝑢 ∈ 𝒰ad the controlled Volterra SDE has a unique solution
𝑋𝑢 ∈ 𝕊2, and 𝑋𝑢 ∈ 𝕊𝑝 for every 𝑝 ≥ 2. It has a continuous modification which is Hölder
continuous of every order 𝛾 < 𝐻: for each such 𝛾 there is a finite random variable 𝐶𝛾 with

‖𝑋𝑢
𝑡 − 𝑋𝑢

𝑠 ‖ ≤ 𝐶𝛾 |𝑡 − 𝑠|𝛾, 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 .

Proof. Let 𝒯[𝑋]𝑡 be the right-hand side of Definition 1 with 𝑋 in place of the solution,
and ‖𝑋‖2

𝛽 ∶= sup𝑡 𝑒−𝛽𝑡 𝔼‖𝑋𝑡‖2 on 𝕊2. With 𝐾𝑇 ∶= ∫𝑇
0 𝑘, the Cauchy–Schwarz inequality
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on the drift and the Itô isometry on the diffusion give, by Assumption 1,

𝔼‖𝒯[𝑋]𝑡 − 𝒯[𝑋̃]𝑡‖2 ≤ 2𝐿2 ∫
𝑡

0
𝜅(𝑡 − 𝑠) 𝔼‖𝑋𝑠 − 𝑋̃𝑠‖2 d𝑠, 𝜅(𝑟) ∶= 𝐾𝑇 𝑘(𝑟) + 𝑘(𝑟)2,

hence ‖𝒯[𝑋] − 𝒯[𝑋̃]‖2
𝛽 ≤ 2𝐿2(∫𝑇

0 𝜅(𝑟) 𝑒−𝛽𝑟 d𝑟)‖𝑋 − 𝑋̃‖2
𝛽. The integral is finite because

𝑘 ∈ 𝐿1 ∩ 𝐿2 (Lemma 4) and tends to 0 as 𝛽 → ∞ by dominated convergence; its 𝑘2 part
is at most Γ(2𝐻) 𝛽−2𝐻/Γ(𝛼)2. So 𝒯, which maps 𝕊2 into itself because 𝑏 and 𝜎 grow at
most linearly in 𝑥, is a contraction for large 𝛽, and the Banach fixed-point theorem gives
existence and uniqueness. For 𝑝 > 2 the same estimate with the Burkholder–Davis–Gundy
inequality, and Jensen’s inequality for the probability measure proportional to 𝑘(𝑡 − 𝑠)2 d𝑠,
gives 𝑋 ∈ 𝕊𝑝. For the increments, the drift part of 𝑋𝑡 −𝑋𝑠 has 𝐿𝑝 norm at most 𝐶 |𝑡−𝑠|𝛼
by Minkowski’s inequality and the computation of Lemma 5, and the stochastic part

∫
𝑡

𝑠
𝑘(𝑡 − 𝑟) 𝜎𝑟 d𝑊𝑟 + ∫

𝑠

0
[𝑘(𝑡 − 𝑟) − 𝑘(𝑠 − 𝑟)] 𝜎𝑟 d𝑊𝑟

has 𝑝-th moment at most 𝐶𝑝 sup𝑟 𝔼‖𝜎𝑟‖𝑝(∫𝑡−𝑠
0 𝑘2 + ∫∞

0 [𝑘(𝑟 + 𝑡 − 𝑠) − 𝑘(𝑟)]2 d𝑟)𝑝/2 = 𝐶 |𝑡 −
𝑠|𝑝𝐻 by Lemma 4 (i) and (iii). Kolmogorov’s criterion gives a modification that is Hölder
of every order 𝛾 < 𝐻 − 1/𝑝, and 𝑝 is arbitrary.

Remark 1. When 𝜎 is bounded away from zero the order 𝐻 cannot be improved: the
increment variance is then of exact order |𝑡 − 𝑠|2𝐻, and in the example of §6 its observed
order is computed in Table 2. At 𝐻 = 1/2, Theorem 1 is the classical existence theorem
for Lipschitz SDEs.

3.2 Stability with respect to the control

The dependence of the state on the control is where the singular kernel first changes the
Markovian picture.

Lemma 1 (Control stability). Under Assumption 1 there is a constant 𝐶 = 𝐶(𝑇 , 𝐿, 𝐻)
such that, for 𝑢1, 𝑢2 ∈ 𝒰ad and 𝜅 as in the proof of Theorem 1,

sup
𝑡∈[0,𝑇 ]

𝔼‖𝑋𝑢1
𝑡 − 𝑋𝑢2

𝑡 ‖2 ≤ 𝐶 sup
𝑡∈[0,𝑇 ]

𝔼∫
𝑡

0
𝜅(𝑡 − 𝑠) ‖𝑢1(𝑠) − 𝑢2(𝑠)‖2 d𝑠.

Consequently, for every 𝜃 ∈ (0, 2𝐻) (and 𝜃 = 1 when 𝐻 = 1/2) there is 𝐶𝜃 with

sup
𝑡∈[0,𝑇 ]

𝔼‖𝑋𝑢1
𝑡 − 𝑋𝑢2

𝑡 ‖2 ≤ 𝐶𝜃(𝔼∫
𝑇

0
‖𝑢1(𝑠) − 𝑢2(𝑠)‖2 d𝑠)

𝜃
.

For 𝐻 < 1/2 the exponent 𝜃 = 1 is not available: with 𝑏 = 0, 𝜎(𝑡, 𝑥, 𝑢) = 𝑢, 𝑛 = 𝑑 = 𝑚 = 1,
𝑈 = [0, 𝑐], 𝑢1 = 𝑐 1[𝑇 −𝛿,𝑇 ] and 𝑢2 = 0, the left-hand side is at least 𝑐2𝛿2𝐻/(2𝐻 Γ(𝛼)2) while
𝔼 ∫𝑇

0 ‖𝑢1 − 𝑢2‖2 = 𝑐2𝛿.

Proof. Split each coefficient difference into an 𝑋-difference and a 𝑢-difference. As in
Theorem 1, 𝜑(𝑡) ∶= 𝔼‖𝑋𝑢1

𝑡 − 𝑋𝑢2
𝑡 ‖2 satisfies 𝜑(𝑡) ≤ 4𝐿2 ∫𝑡

0 𝜅(𝑡 − 𝑠) [𝜑(𝑠) + 𝔼‖𝑢1(𝑠) −
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𝑢2(𝑠)‖2] d𝑠. In the weighted norm of Theorem 1, choose 𝛽 with 4𝐿2 ∫𝑇
0 𝜅(𝑟)𝑒−𝛽𝑟 d𝑟 ≤ 1/2;

then sup𝑡 𝑒−𝛽𝑡𝜑(𝑡) ≤ 8𝐿2 sup𝑡 ∫𝑡
0 𝜅(𝑡 − 𝑠) 𝔼‖𝑢1(𝑠) − 𝑢2(𝑠)‖2 d𝑠, which is the first bound

with 𝐶 = 8𝐿2𝑒𝛽𝑇 . For the second, take 1 < 𝑞 < 1/(1 − 2𝐻), so that 𝜅 ∈ 𝐿𝑞(0, 𝑇 ), and
𝑞′ = 𝑞/(𝑞 − 1). Hölder’s inequality and ‖𝑢1 − 𝑢2‖ ≤ 𝐷 give

∫
𝑡

0
𝜅(𝑡 − 𝑠) 𝔼‖𝑢1(𝑠) − 𝑢2(𝑠)‖2 d𝑠 ≤ ‖𝜅‖𝐿𝑞 𝐷2(1−1/𝑞′)(𝔼∫

𝑇

0
‖𝑢1(𝑠) − 𝑢2(𝑠)‖2 d𝑠)

1/𝑞′

,

and 𝜃 = 1/𝑞′ = 1 − 1/𝑞 ranges over (0, 2𝐻); for 𝐻 = 1/2, 𝜅 is bounded and 𝑞 = ∞. The
counterexample is the Itô isometry at 𝑡 = 𝑇 with ∫𝛿

0 𝑘2 = 𝛿2𝐻/(2𝐻 Γ(𝛼)2).

The constant grows exponentially in 𝑇 through 𝑒𝛽𝑇 . The loss of the Lipschitz bound is a
feature of the kernel: a control change concentrated on a short interval before 𝑡 is amplified
by the singularity of 𝑘.

Lemma 2 (Cost functional well-posedness). Under Assumption 1 the cost 𝐽 is finite on
𝒰ad and continuous for the norm (𝔼 ∫𝑇

0 ‖𝑢𝑡‖2 d𝑡)1/2.

Proof. By Assumption 1 and compactness of 𝑈 , |𝑓(𝑡, 𝑥, 𝑢)| + |𝑔(𝑥)| ≤ 𝐶(1 + ‖𝑥‖), and
Theorem 1 gives 𝑋𝑢 ∈ 𝕊2, so 𝐽(𝑢) is finite. By the Lipschitz property, |𝐽(𝑢1) − 𝐽(𝑢2)| ≤
𝐿(𝑇 + 1) sup𝑡(𝔼‖𝑋𝑢1

𝑡 − 𝑋𝑢2
𝑡 ‖2)1/2 + 𝐿

√
𝑇 (𝔼 ∫𝑇

0 ‖𝑢1 − 𝑢2‖2)1/2, and Lemma 1 bounds the
supremum by a positive power of the same norm.

3.3 Forward variational equation

For the maximum principle of §5 we need the first-order variation of the state. Fix
𝑢⋆, 𝑣 ∈ 𝒰ad, put 𝛿𝑢 ∶= 𝑣 − 𝑢⋆ and 𝑢𝜀 ∶= 𝑢⋆ + 𝜀 𝛿𝑢 for 𝜀 ∈ (0, 1], which is admissible because
𝑈 is convex, and write 𝑋⋆ ∶= 𝑋𝑢⋆ , 𝑋𝜀 ∶= 𝑋𝑢𝜀 , 𝑏𝑥(𝑠) ∶= 𝑏𝑥(𝑠, 𝑋⋆

𝑠 , 𝑢⋆
𝑠) and similarly for

𝑏𝑢, 𝜎𝑥, 𝜎𝑢.

Proposition 1 (Forward variation). Under Assumptions 1–2, (𝑋𝜀 − 𝑋⋆)/𝜀 → 𝜂 in 𝕊2 as
𝜀 ↓ 0, where 𝜂 is the unique solution in 𝕊2 of the linear Volterra equation

𝜂𝑡 = ∫
𝑡

0
𝑘(𝑡 − 𝑠) [𝑏𝑥(𝑠)𝜂𝑠 + 𝑏𝑢(𝑠) 𝛿𝑢𝑠] d𝑠 + ∫

𝑡

0
𝑘(𝑡 − 𝑠) [𝜎𝑥(𝑠)𝜂𝑠 + 𝜎𝑢(𝑠) 𝛿𝑢𝑠] d𝑊𝑠.

Proof. The linear equation has coefficients bounded by 𝐿, so Theorem 1 gives its unique
solution, and 𝜂 ∈ 𝕊𝑝 for every 𝑝. The quotient 𝜂𝜀 ∶= (𝑋𝜀 − 𝑋⋆)/𝜀 solves the same
equation with 𝑏𝑥(𝑠) replaced by the average ∫1

0 𝑏𝑥(𝑠, 𝑋⋆
𝑠 + 𝜆(𝑋𝜀

𝑠 − 𝑋⋆
𝑠), 𝑢⋆

𝑠 + 𝜆𝜀 𝛿𝑢𝑠) d𝜆,
and likewise for 𝑏𝑢, 𝜎𝑥, 𝜎𝑢. The difference 𝜂𝜀 − 𝜂 therefore solves a linear equation with
coefficients bounded by 𝐿 and a forcing 𝜌𝜀 made of the differences between averaged and
exact derivatives, multiplied by 𝜂 or 𝛿𝑢. The estimate of Theorem 1 gives sup𝑡 𝔼‖𝜂𝜀

𝑡 −𝜂𝑡‖2 ≤
𝐶 sup𝑡 ∫𝑡

0 𝜅(𝑡 − 𝑠) 𝔼‖𝜌𝜀
𝑠‖2 d𝑠. By Lemma 1, 𝑋𝜀 → 𝑋⋆ in 𝕊2, so the averaged derivatives

converge in probability for each 𝑠; they are bounded by 𝐿, so 𝔼‖𝜌𝜀
𝑠‖2 → 0 for each 𝑠 by

dominated convergence, with a bound uniform in 𝑠 and 𝜀. Hölder’s inequality with 𝜅 ∈ 𝐿𝑞,
as in Lemma 1, turns this into uniform convergence of the right-hand side to 0.
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Proposition 1 is the bridge to the adjoint: the duality identity of Lemma 3 pairs 𝜂 with
the adjoint and removes it from the derivative of the cost.

4. The Adjoint Backward Volterra Equation

This section defines the adjoint process, proves that it exists and is unique, and proves
the duality identity that links it to the forward variation.

4.1 The adjoint BSVIE

Fix 𝑢 ∈ 𝒰ad with state 𝑋 = 𝑋𝑢, and write 𝑏𝑥(𝑡) ∶= 𝑏𝑥(𝑡, 𝑋𝑡, 𝑢𝑡) and similarly for the other
derivatives. For a process 𝑃 ∈ 𝕃 let 𝜁𝑔 be the representation integrand of 𝑔𝑥(𝑋𝑇 ) and 𝜁𝑃𝑠

that of 𝑃𝑠, and define

𝑌𝑡[𝑃 ] ∶= 𝔼[−𝑘(𝑇 − 𝑡) 𝑔𝑥(𝑋𝑇 ) + ∫
𝑇

𝑡
𝑘(𝑠 − 𝑡) 𝑃𝑠 d𝑠 ∣ ℱ𝑡], (4.1)

𝑍𝑡[𝑃 ] ∶= −𝑘(𝑇 − 𝑡) 𝜁𝑔
𝑡 + ∫

𝑇

𝑡
𝑘(𝑠 − 𝑡) 𝜁𝑃𝑠

𝑡 d𝑠. (4.2)

Definition 6 (Adjoint BSVIE). The adjoint equation associated with 𝑢 is the fixed-point
problem

𝑃𝑡 = H𝑥(𝑡, 𝑋𝑡, 𝑢𝑡, 𝑌𝑡[𝑃 ], 𝑍𝑡[𝑃 ]), d𝑡 ⊗ dℙ-a.e.,

and the adjoint pair is (𝑌 , 𝑍) ∶= (𝑌 [𝑃 ], 𝑍[𝑃 ]). Equivalently, with Θ𝑡 ∶= −𝑘(𝑇 −
𝑡) 𝑔𝑥(𝑋𝑇 ) + ∫𝑇

𝑡 𝑘(𝑠 − 𝑡) H𝑥(𝑠, 𝑋𝑠, 𝑢𝑠, 𝑌𝑠, 𝑍𝑠) d𝑠 and 𝒵(𝑡, ⋅) the representation integrand
of Θ𝑡, the pair solves the backward stochastic Volterra integral equation

𝑌𝑡 = Θ𝑡 − ∫
𝑇

𝑡
𝒵(𝑡, 𝑟) d𝑊𝑟, 𝑡 ∈ [0, 𝑇 ],

and 𝑍𝑡 is the value of 𝒵(𝑡, ⋅) on the diagonal 𝑟 = 𝑡, which the formula for 𝑍𝑡[𝑃 ] defines for
every 𝑡.

Here H𝑥 = 𝑏⊤
𝑥 𝑌 + ∑𝑗(𝜎

𝑗
𝑥)⊤𝑍𝑗 − 𝑓𝑥, with 𝜎𝑗 and 𝑍𝑗 the 𝑗-th columns, is affine in (𝑌 , 𝑍)

with coefficients bounded by 𝐿.

Remark 2 (What the kernel does). At 𝐻 = 1/2, 𝑘 ≡ 1, Θ𝑡 = Θ0 − ∫𝑡
0 H𝑥 d𝑠, and 𝒵(𝑡, 𝑟)

does not depend on 𝑡 for 𝑟 ≥ 𝑡; Definition 6 becomes the adjoint BSDE of Yong–Zhou [1],
𝑌𝑡 = −𝑔𝑥(𝑋𝑇 ) + ∫𝑇

𝑡 H𝑥 d𝑠 − ∫𝑇
𝑡 𝑍𝑟 d𝑊𝑟. For 𝐻 < 1/2 two things change. The adjoint

at 𝑡 weighs the Hamiltonian gradient at later times 𝑠 by 𝑘(𝑠 − 𝑡), the forward kernel read
over later times. And the terminal gradient enters with the weight 𝑘(𝑇 − 𝑡), singular at
maturity: a control applied just before 𝑇 moves 𝑋𝑇 with an unbounded weight, so 𝑌𝑡 can
be unbounded as 𝑡 → 𝑇 , as it is in §6. The same weight is why 𝑍 lies in general in 𝕃
rather than in 𝐿2

ℱ.
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4.2 Existence and uniqueness

Theorem 2 (BSVIE existence and uniqueness). Under Assumptions 1–2, with the frac-
tional kernel of Definition 2, for every 𝑢 ∈ 𝒰ad the adjoint equation of Definition 6 has a
unique solution 𝑃 ∈ 𝕃, and 𝑌 , 𝑍 ∈ 𝕃. If 𝑔 is affine, 𝑃 , 𝑌 , 𝑍 ∈ 𝐿2

ℱ.

Proof. Let ‖𝜉‖𝛽 ∶= ∫𝑇
0 𝑒𝛽𝑡 (𝔼‖𝜉𝑡‖2)1/2 d𝑡, a norm equivalent to that of 𝕃. The map Φ(𝑃) ∶=

H𝑥(⋅, 𝑋, 𝑢, 𝑌 [𝑃 ], 𝑍[𝑃 ]) is affine; its linear part is 𝑃 ↦ 𝑏⊤
𝑥 𝑌 0[𝑃 ] + ∑𝑗(𝜎

𝑗
𝑥)⊤𝑍0[𝑃 ]𝑗, where

𝑌 0, 𝑍0 omit the terms in 𝑔. By the conditional Jensen and Minkowski inequalities,
(𝔼‖𝑌 0

𝑡 [𝑃 ]‖2)1/2 ≤ ∫𝑇
𝑡 𝑘(𝑠 − 𝑡) (𝔼‖𝑃𝑠‖2)1/2 d𝑠, so by Fubini

‖𝑌 0[𝑃 ]‖𝛽 ≤ (∫
𝑇

0
𝑘(𝑟) 𝑒−𝛽𝑟 d𝑟)‖𝑃‖𝛽.

For 𝑍0, Minkowski’s inequality, Fubini and the Cauchy–Schwarz inequality in 𝑡 give

‖𝑍0[𝑃 ]‖𝛽 ≤ ∫
𝑇

0
𝑒𝛽𝑠(∫

𝑠

0
𝑘(𝑠 − 𝑡)2𝑒−2𝛽(𝑠−𝑡) d𝑡)

1/2
(𝔼∫

𝑠

0
‖𝜁𝑃𝑠

𝑡 ‖2 d𝑡)
1/2

d𝑠,

and the Itô isometry 𝔼 ∫𝑠
0 ‖𝜁𝑃𝑠

𝑡 ‖2 d𝑡 ≤ 𝔼‖𝑃𝑠‖2 bounds the right-hand side by
(∫𝑇

0 𝑘(𝑟)2𝑒−2𝛽𝑟 d𝑟)1/2‖𝑃 ‖𝛽. Both prefactors tend to 0 as 𝛽 → ∞ because 𝑘 ∈ 𝐿1 ∩ 𝐿2

(Lemma 4), and the derivatives are bounded by 𝐿, so Φ is a contraction on 𝕃 for
large 𝛽. Its constant term Φ(0) lies in 𝕃: 𝑓𝑥 is bounded, and the terms in 𝑔,
𝑌 𝑔

𝑡 ∶= −𝔼[𝑘(𝑇 − 𝑡) 𝑔𝑥(𝑋𝑇 ) ∣ ℱ𝑡] and 𝑍𝑔
𝑡 ∶= −𝑘(𝑇 − 𝑡) 𝜁𝑔

𝑡 , satisfy (𝔼‖𝑌 𝑔
𝑡 ‖2)1/2 ≤ 𝐿 𝑘(𝑇 − 𝑡)

and ∫𝑇
0 (𝔼‖𝑍𝑔

𝑡 ‖2)1/2 d𝑡 ≤ ‖𝑘‖𝐿2(𝔼‖𝑔𝑥(𝑋𝑇 )‖2)1/2 ≤ 𝐿 ‖𝑘‖𝐿2. The Banach fixed-point
theorem gives a unique 𝑃 ∈ 𝕃, and the two bounds put 𝑌 and 𝑍 in 𝕃. If 𝑔 is affine,
𝑍𝑔 = 0 and 𝑌 𝑔 is deterministic and square-integrable, and the same estimates with the
Cauchy–Schwarz inequality in place of Minkowski’s run the contraction in 𝐿2

ℱ with the
norm (𝔼 ∫𝑇

0 𝑒𝛽𝑡‖𝜉𝑡‖2 d𝑡)1/2.

Theorem 2 is the Volterra analogue of the existence theorem of Pardoux–Peng [8] for
BSDEs. Its Picard iteration is the scheme used in §6.

4.3 The duality identity

The identity that links Proposition 1 to Definition 6 is a change of the order of integration
together with the Itô isometry.

Lemma 3 (Duality). Under Assumptions 1–2 let 𝑢 ∈ 𝒰ad have state 𝑋, adjoint (𝑌 , 𝑍)
and 𝑃𝑡 = H𝑥(𝑡) ∶= H𝑥(𝑡, 𝑋𝑡, 𝑢𝑡, 𝑌𝑡, 𝑍𝑡), and let Δ𝑡 = ∫𝑡

0 𝑘(𝑡−𝑠) 𝑎𝑠 d𝑠+ ∫𝑡
0 𝑘(𝑡−𝑠) 𝑚𝑠 d𝑊𝑠

with 𝑎 ∈ 𝕊2 and 𝑚 ∈ 𝕊2. Then

𝔼[−⟨𝑔𝑥(𝑋𝑇 ), Δ𝑇 ⟩ + ∫
𝑇

0
⟨H𝑥(𝑡), Δ𝑡⟩ d𝑡] = 𝔼∫

𝑇

0
[⟨𝑌𝑡, 𝑎𝑡⟩ + ⟨𝑍𝑡, 𝑚𝑡⟩] d𝑡.
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In particular, for 𝑢 = 𝑢⋆ and the forward variation 𝜂 of Proposition 1,

𝔼[⟨𝑔𝑥(𝑋⋆
𝑇 ), 𝜂𝑇 ⟩ + ∫

𝑇

0
⟨𝑓𝑥(𝑡), 𝜂𝑡⟩ d𝑡] = − 𝔼∫

𝑇

0
⟨H𝑢(𝑡) + 𝑓𝑢(𝑡), 𝛿𝑢𝑡⟩ d𝑡.

Proof. For almost every 𝑡, 𝑃𝑡 ∈ 𝐿2(Ω), and conditioning on ℱ𝑠 and the Itô isometry give

𝔼⟨𝑃𝑡, Δ𝑡⟩ = ∫
𝑡

0
𝑘(𝑡 − 𝑠) 𝔼[⟨𝔼[𝑃𝑡 ∣ ℱ𝑠], 𝑎𝑠⟩ + ⟨𝜁𝑃𝑡𝑠 , 𝑚𝑠⟩] d𝑠,

and the same holds at 𝑡 = 𝑇 with 𝑃𝑇 replaced by 𝜉 ∶= −𝑔𝑥(𝑋𝑇 ). Integrate over 𝑡 ∈ [0, 𝑇 ]
and change the order of integration by Lemma 6; the double integrals converge absolutely
by the bounds in the proof of Theorem 2 and 𝑎, 𝑚 ∈ 𝕊2. The left-hand side becomes
𝔼 ∫𝑇

0 [⟨𝑌𝑠, 𝑎𝑠⟩ + ⟨𝑍𝑠, 𝑚𝑠⟩] d𝑠, because the factors multiplying 𝑎𝑠 and 𝑚𝑠 are 𝔼[𝑘(𝑇 − 𝑠)𝜉 +
∫𝑇
𝑠 𝑘(𝑡 − 𝑠)𝑃𝑡 d𝑡 ∣ ℱ𝑠] = 𝑌𝑠 and 𝑘(𝑇 − 𝑠)𝜁𝜉

𝑠 + ∫𝑇
𝑠 𝑘(𝑡 − 𝑠) 𝜁𝑃𝑡𝑠 d𝑡 = 𝑍𝑠 of Definition 6.

For the second statement take Δ = 𝜂, 𝑎 = 𝑏𝑥𝜂 + 𝑏𝑢 𝛿𝑢 and 𝑚 = 𝜎𝑥𝜂 + 𝜎𝑢 𝛿𝑢: the terms
⟨𝑌 , 𝑏𝑥𝜂⟩ + ⟨𝑍, 𝜎𝑥𝜂⟩ = ⟨H𝑥 + 𝑓𝑥, 𝜂⟩ cancel the H𝑥 term on the left, and ⟨𝑌 , 𝑏𝑢 𝛿𝑢⟩ +
⟨𝑍, 𝜎𝑢 𝛿𝑢⟩ = ⟨H𝑢 + 𝑓𝑢, 𝛿𝑢⟩.

Lemma 3 holds for any Δ of Volterra form, not only for the linearisation 𝜂; Theorem 4 uses
it with Δ = 𝑋𝑢 − 𝑋⋆, which is how the sufficiency proof avoids a second-order expansion.

5. The Stochastic Maximum Principle

This section combines the forward variation (Proposition 1), the adjoint (Theorem 2) and
the duality identity (Lemma 3) into the necessary and sufficient conditions.

5.1 Necessary condition

Theorem 3 (Necessary condition). Under Assumptions 1–2 let 𝑢⋆ ∈ 𝒰ad be op-
timal, 𝐽(𝑢⋆) = 𝐽 ⋆, with state 𝑋⋆ and adjoint (𝑌 , 𝑍) (Theorem 2), and write
H𝑢(𝑡) ∶= H𝑢(𝑡, 𝑋⋆

𝑡 , 𝑢⋆
𝑡 , 𝑌𝑡, 𝑍𝑡). Then, d𝑡 ⊗ dℙ-almost everywhere,

⟨H𝑢(𝑡), 𝑣 − 𝑢⋆
𝑡⟩ ≤ 0 for every 𝑣 ∈ 𝑈.

If moreover 𝑢 ↦ H (𝑡, 𝑋⋆
𝑡 , 𝑢, 𝑌𝑡, 𝑍𝑡) is concave on 𝑈 , this is equivalent to

H (𝑡, 𝑋⋆
𝑡 , 𝑣, 𝑌𝑡, 𝑍𝑡) ≤ H (𝑡, 𝑋⋆

𝑡 , 𝑢⋆
𝑡 , 𝑌𝑡, 𝑍𝑡) for every 𝑣 ∈ 𝑈.

Proof. Let 𝑣 ∈ 𝒰ad, 𝛿𝑢 = 𝑣 − 𝑢⋆ and 𝑢𝜀 = 𝑢⋆ + 𝜀 𝛿𝑢. Writing the differences of 𝑓 and 𝑔
with averaged derivatives, as in the proof of Proposition 1, and using the convergence of
Proposition 1,

lim
𝜀↓0

𝐽(𝑢𝜀) − 𝐽(𝑢⋆)
𝜀 = 𝔼[∫

𝑇

0
(⟨𝑓𝑥(𝑡), 𝜂𝑡⟩ + ⟨𝑓𝑢(𝑡), 𝛿𝑢𝑡⟩) d𝑡 + ⟨𝑔𝑥(𝑋⋆

𝑇 ), 𝜂𝑇 ⟩],

and by Lemma 3 the right-hand side equals − 𝔼 ∫𝑇
0 ⟨H𝑢(𝑡), 𝛿𝑢𝑡⟩ d𝑡. Optimality makes
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the limit non-negative, so 𝔼 ∫𝑇
0 ⟨H𝑢(𝑡), 𝑣𝑡 − 𝑢⋆

𝑡⟩ d𝑡 ≤ 0 for every 𝑣 ∈ 𝒰ad. For 𝑤 ∈ 𝑈
and a progressively measurable set 𝐴 ⊂ [0, 𝑇 ] × Ω, the control 𝑣 ∶= 𝑤 1𝐴 + 𝑢⋆ 1𝐴𝑐 is
admissible, so 𝔼 ∫𝑇

0 1𝐴 ⟨H𝑢(𝑡), 𝑤 − 𝑢⋆
𝑡⟩ d𝑡 ≤ 0 for every such 𝐴 (H𝑢 is integrable because

𝑌 , 𝑍 ∈ 𝕃), hence ⟨H𝑢(𝑡), 𝑤 − 𝑢⋆
𝑡⟩ ≤ 0 almost everywhere for each 𝑤. A countable dense

subset of 𝑈 and continuity in 𝑤 give the first statement. If H is concave in 𝑢, then
H (𝑡, 𝑋⋆

𝑡 , 𝑣, 𝑌𝑡, 𝑍𝑡) ≤ H (𝑡, 𝑋⋆
𝑡 , 𝑢⋆

𝑡 , 𝑌𝑡, 𝑍𝑡) + ⟨H𝑢(𝑡), 𝑣 − 𝑢⋆
𝑡⟩, which gives the maximum;

conversely, a maximiser over the convex set 𝑈 satisfies the first-order condition.

Remark 3 (Comparison with the Markovian case). At 𝐻 = 1/2 the adjoint is the BSDE
of Remark 2, and Theorem 3 is the maximum principle of Yong–Zhou [1] for a convex
control domain. Without concavity in the control, the classical global maximum condition
is obtained by spike variations and, when the diffusion depends on the control, a second-
order adjoint equation (Peng [2]); spike variations of a Volterra equation with a singular
kernel are not treated here.

5.2 Sufficient condition

Under convexity of the terminal cost and concavity of the Hamiltonian, the first-order
condition is also sufficient.

Theorem 4 (Sufficient condition). Under Assumptions 1–2 let 𝑢⋆ ∈ 𝒰ad have state 𝑋⋆

and adjoint (𝑌 , 𝑍). Suppose that 𝑔 is convex, that (𝑥, 𝑢) ↦ H (𝑡, 𝑥, 𝑢, 𝑌𝑡, 𝑍𝑡) is concave
on ℝ𝑛 × 𝑈 for d𝑡 ⊗ dℙ-almost every (𝑡, 𝜔), and that 𝑢⋆ satisfies the condition of Theorem
3,

⟨H𝑢(𝑡, 𝑋⋆
𝑡 , 𝑢⋆

𝑡 , 𝑌𝑡, 𝑍𝑡), 𝑣 − 𝑢⋆
𝑡⟩ ≤ 0 ∀𝑣 ∈ 𝑈, d𝑡 ⊗ dℙ-a.e.

Then 𝑢⋆ is optimal: 𝐽(𝑢⋆) = 𝐽 ⋆.

Proof. Let 𝑢 ∈ 𝒰ad, 𝑋 = 𝑋𝑢, Δ ∶= 𝑋 − 𝑋⋆, Δ𝑏𝑡 ∶= 𝑏(𝑡, 𝑋𝑡, 𝑢𝑡) − 𝑏(𝑡, 𝑋⋆
𝑡 , 𝑢⋆

𝑡) and Δ𝜎𝑡
likewise, and write H (𝑡) and H ⋆(𝑡) for H at (𝑡, 𝑋𝑡, 𝑢𝑡, 𝑌𝑡, 𝑍𝑡) and (𝑡, 𝑋⋆

𝑡 , 𝑢⋆
𝑡 , 𝑌𝑡, 𝑍𝑡), with

the adjoint of 𝑢⋆ in both. Δ has the form of Lemma 3 with 𝑎 = Δ𝑏 and 𝑚 = Δ𝜎, both
in 𝕊2 by Theorem 1. By convexity, 𝑔(𝑋𝑇 ) − 𝑔(𝑋⋆

𝑇 ) ≥ ⟨𝑔𝑥(𝑋⋆
𝑇 ), Δ𝑇 ⟩, and by Definition

5, 𝑓(𝑡, 𝑋𝑡, 𝑢𝑡) − 𝑓(𝑡, 𝑋⋆
𝑡 , 𝑢⋆

𝑡) = ⟨𝑌𝑡, Δ𝑏𝑡⟩ + ⟨𝑍𝑡, Δ𝜎𝑡⟩ − (H (𝑡) − H ⋆(𝑡)). Lemma 3 gives
𝔼⟨𝑔𝑥(𝑋⋆

𝑇 ), Δ𝑇 ⟩ = 𝔼 ∫𝑇
0 [⟨H ⋆

𝑥 (𝑡), Δ𝑡⟩ − ⟨𝑌𝑡, Δ𝑏𝑡⟩ − ⟨𝑍𝑡, Δ𝜎𝑡⟩] d𝑡. Adding,

𝐽(𝑢) − 𝐽(𝑢⋆) ≥ 𝔼∫
𝑇

0
[⟨H ⋆

𝑥 (𝑡), Δ𝑡⟩ − (H (𝑡) − H ⋆(𝑡))] d𝑡 ≥ − 𝔼∫
𝑇

0
⟨H ⋆

𝑢 (𝑡), 𝑢𝑡 − 𝑢⋆
𝑡⟩ d𝑡 ≥ 0,

by concavity of H in (𝑥, 𝑢), H (𝑡) − H ⋆(𝑡) ≤ ⟨H ⋆
𝑥 (𝑡), Δ𝑡⟩ + ⟨H ⋆

𝑢 (𝑡), 𝑢𝑡 − 𝑢⋆
𝑡⟩, and then

by the first-order condition.

The hypotheses are those of a minimisation problem: 𝑔 convex and H concave, which
holds for instance when 𝑏 and 𝜎 are affine in (𝑥, 𝑢) and 𝑓 is convex in (𝑥, 𝑢).

10
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5.3 Discussion

Theorems 3 and 4 have the form of the Markovian maximum principle (Yong–Zhou [1])
— Hamiltonian, adjoint, first-order condition, concavity for sufficiency — with the BSDE
replaced by the BSVIE of Definition 6 and Itô’s product rule by the duality of Lemma 3.
The kernel enters only through Definition 6, so one proof covers 𝐻 = 1/2 and 𝐻 < 1/2.

6. A Linear–Quadratic Illustration

This section works one example in closed form and checks it numerically.

6.1 The example

Take 𝑛 = 𝑑 = 𝑚 = 1, 𝑏(𝑡, 𝑥, 𝑢) = −𝜆𝑥 + 𝑢, 𝜎 ≡ 𝜎0, 𝑓(𝑡, 𝑥, 𝑢) = 𝑐 𝑥 + 𝑟𝑢2/2, 𝑔(𝑥) = 𝑎 𝑥 and
𝑈 = [−𝑀, 𝑀], with 𝜆, 𝑟, 𝑀 > 0. Assumptions 1–2 hold (𝑓 is Lipschitz on ℝ × 𝑈 because
𝑈 is bounded), 𝑔 is convex, and H (𝑡, 𝑥, 𝑢, 𝑦, 𝑧) = 𝑦(−𝜆𝑥 + 𝑢) + 𝜎0𝑧 − 𝑐 𝑥 − 𝑟𝑢2/2 is jointly
concave in (𝑥, 𝑢). Write 𝐸𝛼,𝛽(𝑧) ∶= ∑𝑗≥0 𝑧𝑗/Γ(𝛼𝑗 + 𝛽) for the Mittag-Leffler function,
𝐸𝛼 ∶= 𝐸𝛼,1, 𝑅(𝑡) ∶= 𝑡𝛼−1𝐸𝛼,𝛼(−𝜆𝑡𝛼) and Π𝑈(𝑦) ∶= max(−𝑀, min(𝑀, 𝑦)).

Proposition 2 (Closed forms). In this example the adjoint of every admissible control is
deterministic, 𝑍 ≡ 0, and with 𝜏 ∶= 𝑇 − 𝑡,

𝑌𝑡 = −𝑎 𝜏𝛼−1𝐸𝛼,𝛼(−𝜆𝜏𝛼) − 𝑐
𝜆(1 − 𝐸𝛼(−𝜆𝜏𝛼)).

The control 𝑢⋆
𝑡 ∶= Π𝑈(𝑌𝑡/𝑟) is optimal, and every optimal control equals it d𝑡 ⊗ dℙ-a.e.

The state is

𝑋𝑢
𝑡 = 𝑥0𝐸𝛼(−𝜆𝑡𝛼) + ∫

𝑡

0
𝑅(𝑡 − 𝑠) 𝑢𝑠 d𝑠 + 𝜎0 ∫

𝑡

0
𝑅(𝑡 − 𝑠) d𝑊𝑠.

At 𝐻 = 1/2, 𝑅(𝑡) = 𝑒−𝜆𝑡 and 𝑌𝑡 = −𝑎 𝑒−𝜆𝜏 − (𝑐/𝜆)(1 − 𝑒−𝜆𝜏).

Proof. Here H𝑥 = −𝜆𝑌 − 𝑐 involves neither 𝑍, 𝑋 nor 𝑢, and 𝑔𝑥 ≡ 𝑎, so 𝜁𝑔 = 0 and the
map Φ of the proof of Theorem 2 sends deterministic processes to deterministic ones with
𝑍[𝑃 ] = 0. Its unique fixed point is therefore deterministic and the same for every control,
and 𝑦(𝜏) ∶= 𝑌𝑇 −𝜏 solves 𝑦 = −𝑎 𝑘−𝑐 𝐾−𝜆 𝑘∗𝑦 on (0, 𝑇 ], with 𝐾(𝜏) ∶= ∫𝜏

0 𝑘 = 𝜏𝛼/Γ(𝛼+1).
The Laplace transforms of 𝑘, 𝐾 and 𝜏𝛽−1𝐸𝛼,𝛽(−𝜆𝜏𝛼) are 𝑠−𝛼, 𝑠−𝛼−1 and 𝑠𝛼−𝛽/(𝑠𝛼+𝜆), so
the equation reads ̂𝑦 (1+𝜆𝑠−𝛼) = −𝑎𝑠−𝛼 −𝑐𝑠−𝛼−1, that is ̂𝑦 = −𝑎/(𝑠𝛼 +𝜆)−𝑐 𝑠−1/(𝑠𝛼 +𝜆),
whose inverse transform is the stated 𝑌 by the series identity 𝜏𝛼𝐸𝛼,𝛼+1(−𝜆𝜏𝛼) = (1 −
𝐸𝛼(−𝜆𝜏𝛼))/𝜆. The Hamiltonian is strictly concave in 𝑢 with maximiser Π𝑈(𝑌𝑡/𝑟) over
𝑈 , so 𝑢⋆ satisfies the condition of Theorem 3 and is optimal by Theorem 4; every optimal
control satisfies the condition of Theorem 3 with the same adjoint, and for a strictly concave
Hamiltonian that condition has the single solution 𝑢⋆

𝑡 . The state formula is the variation-
of-constants formula for 𝑋 +𝜆 𝑘 ∗𝑋 = 𝑥0 +𝑘 ∗𝑢+𝜎0 𝑘 ∗d𝑊 : the resolvent 𝑅 = 𝑘 −𝜆 𝑘 ∗𝑅
has Laplace transform 1/(𝑠𝛼 + 𝜆), the stochastic Fubini theorem applies pathwise, and
1 − 𝜆 ∫𝑡

0 𝑅 = 𝐸𝛼(−𝜆𝑡𝛼). At 𝛼 = 1 the Mittag-Leffler functions are exponentials.

11
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As 𝜏 → 0, 𝑌𝑡 ≈ −𝑎 𝜏𝐻−1/2/Γ(𝛼): for 𝑎 > 0 the weight 𝑘(𝑇 − 𝑡) of Remark 2 drives the
adjoint to −∞ at maturity and the control bound binds there. At 𝐻 = 1/2 the adjoint is
a convex combination of −𝑎 and −𝑐/𝜆 and stays bounded.

6.2 Numerical check

We take 𝑇 = 1, 𝐻 = 0.1 (𝛼 = 0.6), 𝜆 = 1, 𝑐 = 1, 𝑎 = 0.5, 𝑟 = 1, 𝑀 = 1.5, 𝑥0 = 1
and 𝜎0 = 0.3. The script python/volterra_lq_check.py computes every number below;
the Mittag-Leffler functions are summed from their power series, which converge fast here
because 𝜆𝜏𝛼 ≤ 1. Proposition 2 gives 𝑌0 = −0.6722, and 𝑌𝑡 crosses −𝑟𝑀 at 𝑇 −𝑡 = 0.0193,
so 𝑢⋆ = −𝑀 on the last 1.93 % of the horizon; at 𝐻 = 1/2, |𝑌𝑡| ≤ 1 and the bound never
binds.

The adjoint, by the Picard iteration of Theorem 2. We discretise the backward equation
of Definition 6 on 𝑁 cells of length ℎ = 𝑇 /𝑁 , with 𝑌 constant on each cell and every
kernel integral exact (the double integral of 𝑘 over two cells is a second difference of
𝜏𝛼+1/Γ(𝛼 + 2)), and solve it by the Picard iteration of the proof of Theorem 2 (Algorithm
1, Appendix B), which never uses the closed form. The iteration reaches rounding level
in 27 steps for every 𝑁 in Table 1 and agrees with a direct triangular solve to 2 × 10−14.
Against the exact cell averages of the closed form of Proposition 2, the 𝐿1 error falls from
1.6 × 10−4 at 𝑁 = 250 to 5.9 × 10−6 at 𝑁 = 4000 with observed order 1.20.

Table 1: The adjoint of Proposition 2 against the discretised backward equation solved
by the Picard iteration of Theorem 2. Errors are in the cell averages of 𝑌 ; the observed
order is that of the 𝐿1 error between successive 𝑁 .

𝑁 Picard steps 𝐿1 error of 𝑌 max error, 𝑡 ≤ 𝑇 − 0.1 observed order

250 27 1.60 × 10−4 1.02 × 10−4 —

500 27 7.04 × 10−5 3.34 × 10−5 1.184

1000 27 3.08 × 10−5 1.10 × 10−5 1.190

2000 27 1.35 × 10−5 3.61 × 10−6 1.193

4000 27 5.89 × 10−6 1.19 × 10−6 1.195

The state, by the Picard iteration of Theorem 1. The mean 𝑚𝑡 = 𝔼𝑋𝑡 under 𝑢⋆ solves
the deterministic Volterra equation 𝑚 + 𝜆 𝑘 ∗ 𝑚 = 𝑥0 + 𝑘 ∗ 𝑢⋆, since the noise term has
mean zero. Discretised in the same way and solved by the Picard iteration of the proof of
Theorem 1 (28 steps), it agrees with the closed form 𝑥0𝐸𝛼(−𝜆𝑡𝛼) + 𝑅 ∗ 𝑢⋆ of Proposition
2 to 1.6 × 10−4 in the cell averages at 𝑁 = 250 and to 6.0 × 10−6 at 𝑁 = 4000, with
𝔼𝑋𝑇 = −0.1127.

The roughness of the state. By Proposition 2 the noise part 𝑋̃ ∶= 𝜎0 𝑅 ∗ d𝑊 is Gaussian,
with increment variance 𝐷(𝛿) ∶= 𝔼|𝑋̃𝑇 −𝑋̃𝑇 −𝛿|2 = 𝜎2

0[∫𝛿
0 𝑅2 +∫𝑇 −𝛿

0 (𝑅(𝑟 +𝛿)−𝑅(𝑟))2 d𝑟],
which we compute by adaptive quadrature with algebraic end-point weights; Var 𝑋𝑇 =

12
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0.1241. Theorem 1 and Lemma 4 (iii) predict 𝐷(𝛿) ≈ 𝜎2
0𝑐𝐻𝛿2𝐻 for small 𝛿, with 𝑐𝐻 ∶=

Γ(𝛼)−2[1/(2𝐻) + ∫∞
0 ((1 + 𝑥)𝛼−1 − 𝑥𝛼−1)2 d𝑥] = 3.5245 computed from the kernel alone.

Table 2 shows the observed order tending to 2𝐻 = 0.2 and the ratio to this law tending
to 1.

Table 2: Increment variance of the noise part of the state at maturity, by quadrature of
the resolvent 𝑅, against the small-lag law from the kernel. The observed order is that of
𝐷 between successive 𝛿; Theorem 1 predicts 2𝐻.

𝛿 𝐷(𝛿) observed order 𝐷(𝛿)/(𝜎2
0𝑐𝐻𝛿2𝐻)

10−1 0.18287 — 0.91370

10−2 0.12334 0.1710 0.97673

10−3 0.07920 0.1924 0.99406

10−4 0.05020 0.1981 0.99850

10−5 0.03171 0.1995 0.99962

The gradient, by forward sensitivities. For the discretised cost 𝐽𝑁 of piecewise-constant
controls we compute 𝜕𝐽𝑁/𝜕𝑢𝑗 by solving the forward equation once for each unit pertur-
bation of the control, as in Proposition 1, with no adjoint. By Lemma 3 the quantity
−(ℎ−1𝜕𝐽𝑁/𝜕𝑢𝑗 − 𝑟𝑢𝑗) is the cell average of 𝑌 : it agrees with the discrete backward so-
lution above to 3 × 10−12 for 𝑁 ≤ 2000, and with the closed form to 1.3 × 10−5 in 𝐿1 at
𝑁 = 2000.

The optimal control, by direct minimisation. On 𝑁 = 200 cells we minimise 𝐽𝑁 over
[−𝑀, 𝑀]200 with L-BFGS-B and finite-difference gradients, from three starting points:
zero, the upper bound and a uniform random control. The three runs end within 1×10−12

of each other at 𝐽𝑁 = 0.48421779. Their controls differ from 𝑢⋆ of Proposition 2 by at
most 1.1 × 10−3, the discretisation error of the adjoint at this 𝑁 , and from the control of
the discrete adjoint by at most 6.4 × 10−6; on this grid 𝑢⋆ costs 9.3 × 10−9 more than the
direct minimiser. The maximum condition of Theorem 3 thus picks out the minimiser,
which Theorem 4 says is global, and Figure 1 shows both controls.

The terminal weight. Replacing the weight 𝑘(𝑇 −𝑡) on 𝑔𝑥 by 1 — the adjoint BSDE carried
over unchanged, 𝑌𝑡 = −𝑎𝐸𝛼(−𝜆𝜏𝛼) − (𝑐/𝜆)(1 − 𝐸𝛼(−𝜆𝜏𝛼)) — gives a control that differs
from 𝑢⋆ by up to 1.00 and costs 𝐽𝑁 = 0.5270 against 𝐽𝑁(𝑢⋆) = 0.4842 at 𝑁 = 2000: it
gives up 14.7 % of the improvement of 𝑢⋆ over the null control (𝐽𝑁 = 0.7755). At 𝐻 = 1/2
the two adjoints coincide, and the series reproduces the exponential form of Proposition
2 to 3 × 10−16.
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Figure 1: The linear–quadratic example of §6, 𝐻 = 0.1. Left: the adjoint 𝑌𝑡 of Proposition
2 (curve) and the cell averages of the backward equation solved by the Picard iteration
of Theorem 2 with 𝑁 = 250 (points); dotted, the adjoint without the terminal weight
𝑘(𝑇 − 𝑡); dashed, the Markovian adjoint (𝐻 = 1/2). 𝑌𝑡 tends to −∞ at maturity and
crosses −𝑟𝑀 at 𝑇 − 𝑡 = 0.0193. Right: the control 𝑢⋆ = Π𝑈(𝑌 /𝑟) of the maximum
condition (curve) and the minimiser of the discretised cost found by L-BFGS-B on 200
cells without the adjoint (points), with the same two comparisons.

7. Conclusion

We proved a stochastic maximum principle for controlled Volterra equations with the
fractional kernel: forward well-posedness with Hölder paths of every order below 𝐻 (The-
orem 1), a control-stability estimate that is Hölder rather than Lipschitz for 𝐻 < 1/2
(Lemma 1), existence and uniqueness of the adjoint BSVIE (Theorem 2), the duality
identity (Lemma 3), and the necessary and sufficient conditions (Theorems 3 and 4). The
adjoint differs from the Markovian one in two places — the kernel read over later times
and the singular weight 𝑘(𝑇 − 𝑡) on the terminal gradient — and the example of §6 shows
the second one changing the optimal control near maturity.

7.1 Scope

The results assume Lipschitz coefficients and a convex compact control set. Square-root
models such as the rough Heston model of El Euch–Rosenbaum [9] fall outside Assumption
1 and need a different existence theory for the forward and the adjoint equations. With-
out concavity of the Hamiltonian in the control, the global maximum condition needs
spike variations, not treated here. Beyond linear–quadratic examples the adjoint has no
closed form, and a numerical BSVIE solver, with regression estimates of the conditional
expectations in Definition 6, is the natural next step.

14
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A. Fractional Kernel Estimates

This appendix collects the kernel estimates used in §§3–4, for the fractional kernel 𝑘(𝑟) =
𝑟𝛼−1/Γ(𝛼), 𝛼 = 𝐻 + 1/2, 𝐻 ∈ (0, 1/2].

A.1 Integrability and increments

Lemma 4 (Kernel estimates). For 𝑇 > 0 and 𝛿 > 0: (i) ∫𝑇
0 𝑘(𝑟) d𝑟 = 𝑇 𝛼/Γ(𝛼 + 1) and

∫𝑇
0 𝑘(𝑟)2 d𝑟 = 𝑇 2𝐻/(2𝐻 Γ(𝛼)2); (ii) (𝑘 ∗ 𝑘)(𝑟) = ∫𝑟

0 𝑘(𝑟 − 𝑠) 𝑘(𝑠) d𝑠 = 𝑟2𝐻/Γ(2𝐻 + 1); (iii)
∫∞
0 (𝑘(𝑟 + 𝛿) − 𝑘(𝑟))2 d𝑟 = 𝛿2𝐻 Γ(𝛼)−2 ∫∞

0 ((1 + 𝑥)𝛼−1 − 𝑥𝛼−1)2 d𝑥, and the last integral is
finite.

Proof. is elementary. For (ii), the substitution 𝑠 = 𝑟𝑣 gives 𝑟2𝛼−1𝐵(𝛼, 𝛼)/Γ(𝛼)2 with the
Beta function 𝐵(𝛼, 𝛼) = Γ(𝛼)2/Γ(2𝛼), and 2𝛼−1 = 2𝐻. For (iii), substitute 𝑟 = 𝛿𝑥; near
𝑥 = 0 the integrand is 𝑂(𝑥2𝐻−1), which is integrable, and at infinity it is 𝑂(𝑥2𝐻−3) by the
mean-value theorem. These estimates are standard for fractional processes (Decreusefond–
Üstünel [7]).

The square-integrability of 𝑘, from 2𝐻 − 1 > −1, gives the stochastic convolution in
Definition 1 a finite second moment; (iii) gives its increments the order |𝑡 − 𝑠|2𝐻 used in
Theorem 1.

A.2 Hölder regularity of convolutions

Lemma 5 (Hölder regularity). Let 𝜑 ∈ 𝐿∞([0, 𝑇 ]) and ℎ(𝑡) = ∫𝑡
0 𝑘(𝑡 − 𝑠) 𝜑(𝑠) d𝑠. Then

|ℎ(𝑡) − ℎ(𝑠)| ≤ 2 ‖𝜑‖∞ |𝑡 − 𝑠|𝛼/Γ(𝛼 + 1) for 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 .

Proof. Write

ℎ(𝑡) − ℎ(𝑠) = ∫
𝑡

𝑠
𝑘(𝑡 − 𝑟) 𝜑(𝑟) d𝑟 + ∫

𝑠

0
[𝑘(𝑡 − 𝑟) − 𝑘(𝑠 − 𝑟)] 𝜑(𝑟) d𝑟.

The first integral is at most ‖𝜑‖∞𝐾(𝑡 − 𝑠) with 𝐾(𝜏) = 𝜏𝛼/Γ(𝛼 + 1). Since 𝑘 is non-
increasing, the second is at most ‖𝜑‖∞ ∫𝑠

0 [𝑘(𝑠 − 𝑟) − 𝑘(𝑡 − 𝑟)] d𝑟 = ‖𝜑‖∞ [𝐾(𝑠) − 𝐾(𝑡) +
𝐾(𝑡 − 𝑠)] ≤ ‖𝜑‖∞ 𝐾(𝑡 − 𝑠).

Theorem 1 uses Lemma 5 in 𝐿𝑝, through Minkowski’s inequality, for the drift part of the
increments, which are of order 𝛼 = 𝐻 + 1/2; the stochastic part is of the lower order 𝐻
by Lemma 4 (iii).
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A.3 Change of the order of integration

Lemma 6 (Volterra integration-by-parts identity). For 𝑘 ∈ 𝐿1(0, 𝑇 ) and bounded measur-
able 𝑢, 𝑣 on [0, 𝑇 ], and more generally whenever the double integral converges absolutely,

∫
𝑇

0
𝑢(𝑡) ∫

𝑡

0
𝑘(𝑡 − 𝑠) 𝑣(𝑠) d𝑠 d𝑡 = ∫

𝑇

0
𝑣(𝑠) ∫

𝑇

𝑠
𝑘(𝑡 − 𝑠) 𝑢(𝑡) d𝑡 d𝑠.

Proof. Fubini’s theorem on {(𝑠, 𝑡) ∶ 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 }; the double integral of |𝑘(𝑡−𝑠) 𝑢(𝑡) 𝑣(𝑠)|
is at most ‖𝑢‖∞‖𝑣‖∞ 𝑇 ‖𝑘‖𝐿1.

In Lemma 3 the identity is applied to expectations, under the absolute-convergence bounds
of Theorem 2. It is why the adjoint of Definition 6 reads the forward kernel 𝑘(𝑡 − 𝑠) over
the later variable: the function is not reversed, only the direction of integration.

B. The Discretisation of Section 6

This appendix states the scheme behind the numerical check of §6, as implemented in
python/volterra_lq_check.py.

B.1 Cell-average Picard scheme

Algorithm 1 — Cell-average Picard scheme

Solves a linear Volterra equation 𝑣 = 𝜑 − 𝜆 𝑘 ∗ 𝑣 on (0, 𝑇 ] for the cell averages of 𝑣,
by the Picard iteration of the proofs of Theorems 1 and 2. In §6 it solves the backward
equation of Definition 6 in the variable 𝜏 = 𝑇 − 𝑡, with 𝜑 = −𝑎 𝑘 − 𝑐 𝐾, and the forward
equation for the mean of the state, with 𝜑 = 𝑥0 + 𝑘 ∗ 𝑢.

1 Input: kernel order al = H + 1/2, horizon T, number of cells N, rate lam,
2 cell averages phi[0..N-1] of the free term, tolerance eps.
3 Output: cell averages v[0..N-1] of the solution of v = phi - lam (k * v).
4

5 1. h = T / N; G(x) = max(x, 0)^(al+1) / Gamma(al+2)
6 2. For m = 0, 1, ..., N-1:
7 Om[m] = G((m+1) h) - 2 G(m h) + G((m-1) h)
8 # the exact integral of k(t - s) 1{s < t} over two cells m apart
9 3. v = phi

10 4. Repeat:
11 a. For i = 0, 1, ..., N-1:
12 w[i] = phi[i] - (lam / h) * sum_{j=0..i} Om[i-j] * v[j]
13 b. d = max_i |w[i] - v[i]|; v = w
14 until d <= eps * max(1, max_i |v[i]|)
15 5. return v

The free terms are integrated exactly as well: the cell averages of 𝑘 and 𝐾 are differences of
𝐾 and of 𝜏𝛼+1/Γ(𝛼+2), and that of 𝑘∗𝑢 for a piecewise-constant control is ℎ−1 ∑𝑗 Ω𝑖−𝑗𝑢𝑗.
Each sweep of step 4 is one discrete convolution, of cost 𝑂(𝑁2) as implemented. The

16



A Stochastic Maximum Principle for Volterra SDEs

number of sweeps does not grow with 𝑁 (Table 1, with 𝜀 = 10−14). In continuous time
the 𝑛-th power of the operator 𝑣 ↦ 𝜆 𝑘 ∗ 𝑣 has norm at most (𝜆𝑇 𝛼)𝑛/Γ(𝑛𝛼 + 1) on
bounded functions, which is why the weighted-norm contraction of Theorem 2 exists.
The closed forms of Proposition 2 are evaluated from the Mittag-Leffler series and their
antiderivatives, ∫𝜏

0 𝑠𝛽−1𝐸𝛼,𝛽(−𝜆𝑠𝛼) d𝑠 = 𝜏𝛽𝐸𝛼,𝛽+1(−𝜆𝜏𝛼), so the comparison in Table 1
is between exact cell averages.
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