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Lévy Noise

Ezxistence, coincidence of values, and a non-local first-order

condition
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Abstract. We extend the zero-sum stochastic differential game to a state process driven by
Lévy noise. With the generator and standing assumptions of the resolvent paper, the lower
and upper values have at most linear growth and are Lipschitz in the state, and under the
Isaacs condition they coincide as the unique viscosity solution of at most linear growth of a
Hamilton—Jacobi-Isaacs integro-differential equation. Saddle strategies satisfy a first-order
condition that is non-local in the attacker’s control: it integrates the value against the jump
measure the attacker controls. A central-bank-versus-speculator game on a Kou state has a
constant saddle pair and an affine value in closed form, which a numerical evaluation of the
Isaacs equation and an exact Monte Carlo at an exponential time both confirm.

TN-2026-58552860 - Optimal Control & Decision Desk - Technical Note - Published
02-MAY-2023 - Reading time: about 16 min

1. Introduction

Two-player zero-sum stochastic differential games arise whenever a decision-maker faces
a worst-case-adversarial environment whose state is itself stochastic — a central bank de-
fending a peg against a speculator, a risk manager allocating capital against an adversarial
market, a planner pricing carbon against an adversarial emitter. The classical Brownian
formulation is well developed: Bensoussan and Frehse [1] introduced the elliptic-PDE char-

acterisation; Fleming and Souganidis [2] gave the modern viscosity-solution treatment.

This technical note extends both threads to a state process X driven by a Lévy noise.
The generator acquires a non-local jump term, and the value functions satisfy an integro-
differential Hamilton—Jacobi-Isaacs equation rather than a local one. The resolvent paper
[3] fixes the operator register used here and proves a comparison principle for the optimal-
stopping variational inequality under the same generator [3, Theorem 5]; the present note
adapts that argument to the Isaacs equation and assembles a self-contained zero-sum

framework.
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1.1 Contributions

Claim 1 (Value-function regularity). The lower value V™~ and the upper value
V*t of the zero-sum Lévy game have at most linear growth and are Lipschitz
in x with constant L,/q, under assumptions (A1)—-(A2) of [3] and a running
cost Lipschitz in x with constant L,.

Claim 2 (Coincidence of values). Under the Isaacs minimaz condition

sup inf [H(z,p, M, u,v) + Iy +vl,] = infsup[H(z,p, M,u,v)+ I, + vl,],

wel VEA vEA yeU

the values coincide and are the unique viscosity solution of at most linear growth
of the HJI integro-differential equation ¢V = H*[V].

Claim 3 (Saddle-point first-order condition). When the running cost is con-
cave in the defender’s control and convex in the attacker’s, an interior saddle

at state x is characterised by
0,V (x) + 0, l(x,u*,v*) = 0, F|V(x) 4+ 0 l(x,u*,v*) = 0,

and a feedback that selects it is a saddle pair of the game. The second condition
is non-local: 7,[V](z) = [(V(z + 2z) — V(x))v,(dz) integrates the value
against the jump measure v, the attacker controls.

Claim 4 (Worked example: drift-and-intensity game). In a central-bank-
versus-speculator game on a Kou state, in which the bank controls the drift
and the speculator the rate of up-jumps, the saddle pair is constant and the
value is affine, both in closed form in the mean drift 1'(0) and the expected

up-jump displacement per unit time Ap/n, .

Claim 5 (Two-way check). The closed form of Claim 4 is confirmed by
evaluating the Isaacs equation numerically — the jump integrals by quadrature,
the sup—inf and inf-sup by direct search — and by Monte Carlo of the payoff
from the exact law of the controlled state at an independent exponential time.

1.2 Paper map

§2 fixes notation, adopting the operator register of [3, §2]. §3 proves the regularity
claim. §4 states the HJI integro-differential equations and establishes value coincidence.
§5 derives the non-local first-order condition. §6 specialises to the central-bank-versus-
speculator game, solves it in closed form and checks the solution numerically. §7 con-

cludes.

2. Setup and notation

We adopt the operator register of [3, §2] and summarise it here, adding the game-specific

notation.



Saddle-Point Structures for Two-Player Zero-Sum SDFEs with Lévy Noise

2.1 State process

The uncontrolled state X = (X, ), is a cadlag Lévy process on (€2, .7, P) with Lévy triplet

(b,02,v), cumulant exponent 9(r) = log Ey[e"X1] on the analyticity strip (—n_,n, ), and

infinitesimal generator

Lf(x) = b0, f(x)+ 3020, f(x) +/R flx+2) = f(@) = 20, f(2) Lyeqy) v(d2). (2.1)

We use assumptions (A1) (finite exponential moments) and (A2) (small jumps) of [3, §2].
Assumption (A3) there concerns the payoff of a stopping problem; this note has none.

2.2 Controls and strategies

Two players act on the state. Player I (the defender) shifts the drift by wu; Player II
(the attacker) adds jumps at rate v times a finite attack measure v, on R\ {0} with
J(1+|2]) v,(dz) < 0o and [ €™ v,(dz) < oo for r near 0, so that (A1) holds for v+ vy,
as well.

Definition 1 (Admissible controls and strategies). Let U =

be compact intervals and u := max(|uy;,|, |u

and A = [0, 7]
% is the set of .%-progressively-

umax]

[uminv
)
measurable processes with values in U, and ¥ the same with values in A. A strategy
of the defender is a map « : ¥ — % that is non-anticipative — v = v” on [0, ¢] implies
av] = afv’] on [0,t] — and I' is the set of such maps; A is the set of non-anticipative
strategies §: % — ¥ of the attacker, as in [2].

Under controls (u,v) the state started at = is X;"" = z+Y,"", where Y, = fot(b—l—us) ds+
oW, + J, + J¢: W is a Brownian motion, J the jump part of the uncontrolled process
(small jumps compensated as in (2.1)), and J = fotflel{ggvs}N“(ds,dz, df) for an
independent Poisson random measure N on [0, 00) X R x [0, v] with intensity ds v, (dz) d6.
The attack jumps arrive at rate v, v,(dz) and, v, being finite with a first moment, need

no compensation. At frozen controls the generator is

Lf = Lf+ud frod,f, S f(x) = /R(f(1?+2)—f(w))va(d2)~ (2.2)

2.3 Costs and value functions

The running cost £ : R x U x A — R is continuous and Lipschitz in x with constant L,,

uniformly in (u,v). The discount rate is ¢ > 0.

Definition 2 (Payoff and value functions). The payoff at initial state  under controls
(u,v) is

J(x;u,v) == E, [/ e 10X Y uy, vy) dt (2.3)
0

the defender maximises it and the attacker minimises it. The lower value and the upper
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value are
V= (z) := inf sup J(z;u, Slu)), V*(x) :=sup inf J(z;afv],v). (2.4)
BEA yewy ael veY
When V- = V' we write V for the common value and call the game value-defined.

In the lower value the attacker answers the defender’s control; in the upper value the
defender answers the attacker’s.

2.4 Hamiltonian

Definition 3 (Hamiltonian and non-local terms). For (z,p, M) € R? and (u,v) € U x A,

H(z,p, M,u,v) := (b+u)p + %0'2M + l(z,u,v),
I V(x5 0) := Fp[V](2) + v, [V](2),

FV](x) == /R<V(ZC +2) = V(z) =20, V(2) Ly, <1y) v(d2). (2.5)

The lower and upper Hamiltonians are

H~[V](x) :=sup inf{H(z,0,V,0,,V,u,v) + FZ[V](x;v)},

y Yax
wel VEA

H*[V|(x) := inf sup{H (z,0,V,0,,V,u,v) + FZ[V](x;v)}, (2.6)

)
vEA 4 U re

and H- < H* always.

2.5 Typographic register

All notation conventions are inherited from [3, §2]: script £, %,,.# for operators and
%,V for control classes; blackboard E,P,R for probability and reals; 0, rather than
subscript for partial derivatives.

3. Value-function regularity

Theorem 1 (Linear growth and Lipschitz regularity). Under (A1)—(A2) and a running
cost ¢ Lipschitz in z with constant L,, uniformly in (u,v), the lower and upper values of
(2.4) satisfy

by + L, || 1 1
+ < 0T Heim e
Vi@ < 2 LGy (),
L
[VE(zy) = VE ()| < J|$1 5|, (3.1)
where £, := maxy, 4 [¢(0,u,v)| and Cy depends only on b, o, v, v,, u and v. If ¢ is

bounded, V=], < []../q-

Proof. Three steps.
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Step 1. (Coupling.) In the construction of §2 the state started at x is x +Y™", and Y™
is built from W, the jump measures and the controls alone: no coefficient depends on the
state. Strategies do not change this, since afv] and Slu] are functions of the opponent’s

control, not of x.

Step 2. (Growth.) Under (A1)-(A2) and controls bounded by u and v,
u,v — 1/2
Y| < (b +a)t+ (a+ (fcy 2 ¥(d2) )ﬁ

+t/ |Z|V(dz)+vt/]z|ya(dz) < Cy(1+41),
|z|>1

so |J(z;u,v)| < jg)oo e 9 (ly+ Lylx|+ L,Cy (1 +t)) dt, which is the first bound in (3.1), for
every pair of controls; taking infima and suprema over controls and strategies preserves it.
For bounded ¢ the same integral gives || /q, the computation of [3, Lemma 1].

Step 3. (Lipschitz.) By Step 1, for every pair of controls,

o L
|J(x1;u, ’U)_J(x2;u7 U)| < [E/ eilﬁ ‘g(l‘l_i'}/t)utvvt)_€<m2+}/t>ut¢vt)’dt < =t |$1—$2|,
0 q

(3.2)
in particular for the pairs (a[v],v) and (u, B[u]). Since|sup, inf, f—sup_ inf, g| < sup|f—
gl, and likewise for infsup, the bound passes to V*. O

Remark 1 (Sharpness). The constant L,/q is attained: in the game of §6 the value is affine
with slope —a/q, and L, = «. Lipschitz continuity comes from Step 1: the controls act on
the drift and the jump rate, not through the state, so two copies of the state started apart
stay exactly z; — x4 apart. With state-dependent coeflicients the copies separate, and the
same argument then needs ¢ large relative to the Lipschitz constants of the coefficients;
this note does not treat that case.

Remark 2 (Discount-rate dependence). The Lipschitz constant scales as 1/¢ and the
growth bound as 1/¢?, deteriorating as ¢ | 0. The limit ¢ = 0 requires an ergodic-cost
reformulation beyond the scope of this note.

4. The HJI integro-differential equation

This section states the Hamilton—Jacobi—Isaacs equations satisfied by the two values, the
Isaacs condition, and the value-coincidence theorem.

4.1 The HJI equations

By the dynamic-programming principle for games with non-anticipative strategies — the
argument of Fleming and Souganidis [2], with It&’s formula for semimartingales with jumps
[4] in place of the diffusion one — the lower value solves the lower HJI equation

qV-(z) = H™[V"](x), (4.1)

and the upper value solves the upper HJI equation
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qV*(z) = HT[VT](z), (4.2)

in the viscosity sense — the approach of [5] — with the non-local convention of [3, Def-
inition 3]: the test function is used near the contact point and the solution itself in the

jump integrals away from it.

4.2 The Isaacs condition

Definition 4 (Isaacs minimax condition). The Isaacs condition holds if for every x € R
and (p, M,I,,1,) € R*

a

sup inf [H(z,p, M,u,v)+ Iy +vl,| = inf sup [H(z,p, M,u,v)+ I+ vl,]. (4.3)

wel VEA VEA U

Then H- = H" =: H*, and (4.1) and (4.2) are the same equation.

The Isaacs condition holds whenever the running cost separates, ¢(x,u,v) = ¢,(z,u) +
Uy (z,v): the bracket is then a function of u plus a function of v, and both sides equal the
sum of the separate extrema. It also holds whenever £ is concave in v and convex in v, by
the minimax theorem for such functions on compact intervals [6]; the worked example of
§6 has both properties.

4.3 Coincidence of values

Theorem 2 (Value coincidence). Under (A1)-(A2), the hypotheses of Theorem 1 and
the Isaacs condition (4.3), the lower and upper values coincide,

Vo(z) = Vi(z) = V(x), r €R, (4.4)
and V is the unique viscosity solution of at most linear growth of
qV(z) = H*'[V](z). (4.5)

Proof. Three steps.

Step 1. (Viscosity solutions.) Each value is a viscosity solution of its own HJI equation,
by the dynamic-programming argument of [2] with the jump terms handled as in §4.1, and
has at most linear growth by Theorem 1.

Step 2. (Comparison.) Under the Isaacs condition both equations are (4.5). Its comparison
principle in the class of functions of at most linear growth follows the proof of [3, Theorem
5] for the optimal-stopping variational inequality, with the obstacle removed and the linear
operator q— £ replaced by qg— H*. That proof uses three properties of the operator, and H*
has all three: it is Lipschitz in p with constant max,c;; |b+u|, being a sup—inf of functions
affine in p with these slopes; it is non-decreasing in M and in the two non-local terms,
since 0 > 0 and v > 0; and it is continuous in x, uniformly in the other arguments,
because € is Lipschitz in x. The jump integral of v is split at |z| = 1 exactly as there,
and the attack term, a finite measure with a first moment, is treated like the large jumps.
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Hence a viscosity sub-solution of at most linear growth lies below a super-solution of at

most linear growth.

Step 3. (Identification.) V'~ and V' are viscosity solutions of (4.5) of at most linear
growth, so by Step 2 each lies below the other: (4.4) holds, and the common V is the
unique such solution. ]

4.4 Consequences

The value-coincidence theorem reduces the two-player zero-sum game with Lévy noise
to one HJI equation, of the same type as the single-player optimal-stopping variational
inequality of [3, §5]. The saddle pair, characterised in §5 by a non-local first-order condi-
tion, is then constructed by verification once V is known.

5. The non-local first-order condition

This section characterises saddle strategies. The first-order condition in the attacker’s
control is non-local: it picks up an integral of the value against the attack measure,
which has no analogue when the attacker acts on a local coefficient.

5.1 Saddle points of the Hamiltonian and of the game

Theorem 3 (Non-local first-order condition for saddle strategies). Assume the hypothe-
ses of Theorem 2, that ¢(z,-,v) is concave on U and ¢(z,u,-) convex on A and both
differentiable, and that the common value V is C? with V, 8,V 0,,V of at most linear
growth.

(i) For every x, a point (u°,v°) in the interior of U x A is a saddle point of
(u,v) = H(z,0,V(x),0,,V(z),u,v)+ F[V](z;v), (5.1)

a maximum in u at v° and a minimum in v at u°, if and only if

0,V(x) +0,(x,u
54

a

)

O’UO O’
V(z)+ 0,(x,u°,v°) = 0.

(5.2)

(ii) Let (u*(z),v*(x)) be a measurable selection of saddle points of (5.1), and suppose the
state equation with u, = u*(X,_) against any v € ¥, and with v, = v*(X,_) against any
u € %, has a unique solution. Then

J(x;u,v*) < J(zyuto*) = Viz) < J(z;u*,v), ueEU, vev. (5.3)

The second line of (5.2) is the non-local first-order condition: .7, [V](z) = [(V(z +
z) —V(x))v,(dz) depends on V at every point of x + supp v,,.

Proof. In (5.1), H is affine in u apart from € and & is affine in v, so the map is concave
in u and convex in v. For a differentiable concave (convex) function on an interval, an
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interior point is a maximiser (minimiser) if and only if the derivative vanishes there, and

O (H+.7) =0,V +0,, 0,(H+5)=7,[V]+ 0,

(ii) Fizxv € ¥ and let X be the state under (u*(X,_),v,). By Ité’s formula for e "V (X,)
[4], after localisation,

T
E,[eTV(Xp)] = V(z)+E, /0 eIt (LW — gV (X,) dt. (5.4)

The bracket in (5.1) equals LV +L4(-,u,v). At (u*(z),v*(x)) it equals H*[V](z) = ¢V (z)
by (4.5), and at (u*(x),v) it is no smaller, since v*(x) minimises it. Hence L% °V —qV >
—L0(,u*,v) and V(z) < E, jE)T e 0 dt+E,[e TV (Xy)]. The last term vanishes as T — 0o
by the linear growth of V. and Step 2 of Theorem 1, so V(z) < J(x;u*,v). The other
inequality is symmetric, and both are equalities at (u*,v*). ]

When the attacker acts on a local coefficient instead — the drift or the volatility — its
condition involves 9,V or 0,V at x only. With jumps it involves V' on the whole support
of x + v,: the attacker weighs where its jumps land.

5.2 Existence of a saddle pair
The first-order condition (5.2) characterises interior saddles; existence needs structure.

Corollary 1 (Saddle existence under concave-convex costs). Under the hypotheses of
Theorem 3, with ¢(z, -, v) strictly concave and £(z, u, -) strictly convex, the Isaacs condition
holds, and for every x the map (5.1) has exactly one saddle point (u*(x),v*(x)) in U x A.
When it is interior it is the unique solution of (5.2).

Proof. The bracket of (4.3) is continuous on the compact intervals U and A, strictly
concave in u and strictly convex in v, for every (x,p, M, 1,,1,); by the minimax theorem
[6] its sup—inf and inf-sup agree, which is the Isaacs condition, and by compactness and
continuity both are attained, which gives a saddle point. Saddle points of a zero-sum game
are interchangeable — if (uy,v,) and (uq,vy) are saddle points, so is (uy,vy) — so strict

concavity in u and strict convexity in v leave only one. The last statement is Theorem 3

(i). 0

6. Worked example: a central-bank-versus-speculator game

This section specialises §§2-5 to a zero-sum game between a central bank (the defender,
maximising) and a speculator (the attacker, minimising). The state is the log exchange
rate, a Kou jump-diffusion, and a rise is a depreciation. The bank chooses an intervention
drift w € U = [—u, ul; the speculator chooses an intensity v € A = [0, v] that scales up the
rate of up-jumps — a speculative attack.
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6.1 The bank-versus-speculator setup

Let X = log¥§, with S, the spot exchange rate in domestic currency per unit of foreign
currency, be the Kou process of [3, §4]: drift b of the compound-Poisson representation
(the convention of [3, §2] for finite-activity families), volatility o, jump rate A, up-jump
probability p, and exponential jump sizes with rates 1, and n_. The attack measure is
the up-jump part of v, v,(dz) = Apn,e "+ 1., dz, so under constant controls (u,v) the
state is again a Kou process, with cumulant exponent

Yy = (b+u)rt o%r 4 (140) Ap WL—H\(l—p) = ()= A(—p). (6)
+ —
The bank’s running payoff is
Uz, u,v) = —ax — %vug + %51}2, a,v,6 >0: (6.2)

depreciation costs the bank « per unit of log rate per unit time, the bank pays a quadratic
cost for intervening, and the speculator pays a quadratic cost for attacking, which in a
zero-sum game is a gain to the bank. The payoff is concave in the bank’s control and
convex in the speculator’s, as Theorem 3 and Corollary 1 require, and separable, so the
Isaacs condition holds. We write

A A Al —

a:= —, m, ::/zya(dz):p’ ﬂ:d/((}):b—}—ip_M’ (63)
ym Ny n-

for the marginal value of a unit of log rate, the expected up-jump displacement per unit

time, and the mean drift of the uncontrolled state.

6.2 Closed-form saddle

Theorem 4 (Closed-form saddle for the bank-versus-speculator game). In the game of
(6.1)—(6.2) the saddle pair is constant,

ut = HU<_a/’Y)7 vt = HA(G‘ m+/5)7 (64)
with II the projection onto the interval; the game is value-defined, and its value is affine,

1
V(r) = —az +ec, c = 7{—aﬂ—au*—%fy(u*)z—am+v*+%5(v*)2], (6.5)
q
which for interior controls reads ¢ = ¢~ [—au + a*/(2v) — a®*m?2 /(26)]. For all admissible

wand v, J(z;u,v*) < V(z) < J(x;u,v).

Proof. Through the Isaacs equation. For V(x) = —ax + ¢, 0,V = —a, 0,,V =0, and
in the finite-activity convention y[V](z) = —a [ zv(dz) = —a(Ap/n, — A(1—p)/n_) and
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a

V](x) = —am,. The bracket of Definition 3 becomes
—ax — aji + g(u) + h(v), g(u) == —au — tyu?, h(v):=—am v+ 1602, (6.6)

It separates; g is strictly concave with mazimiser I1;;(—a/v) on U, and h strictly convex
with minimiser 11, (am, /0) on A, so H*[V|(x) = —ax — ap + g(u*) + h(v*). Since
qV(z) = —ax + qc, (4.5) holds for every x exactly when c¢ is as in (6.5). V has linear
growth, so it is the value by Theorem 2, and Theorem & gives the saddle pair; for interior
controls (5.2) reads —a —yu* = 0 and —am, + 6v* = 0, the second being the non-local
condition.

Directly. For admissible (u,v), E,[X,] = z+put+E fot(us+m+vs) ds, because the attack adds

jumps with compensator v,v,(dz)ds. Integrating against e~9%, with LOO e dt fot fodsdt =
gt e f, ds,

J(x;u,v) = —azx — a,qﬂ + [E/O e 9 [g(u,) + h(v,)] dt. (6.7)

The integrand is at most g(u*)+h(v,) and at least g(u,)+h(v*), pointwise, so J(x;u,v*) <
J(zyu,v*) = V(x) < J(z;u*,v) for all admissible uw and v. The same bounds hold against
strategies — o = u* guarantees V(x) to the bank, and inf, J(z;alv],v) < J(z;av*],v*) <

V(z) for everya €' —so V- =Vt =V. O

Neither control depends on the state, because the marginal value of the log rate, —a, is
the same everywhere. The attack is worth am_ per unit of intensity to the speculator —
the expected up-jump displacement per unit time times the marginal value — and this is
where the jump law enters the saddle.

Remark 3 (No threshold, no root). The game has no stopping time and hence no free
boundary, and with a payoff linear in the state its Isaacs equation is solved on the whole
line by an affine function: neither a root of ¥"¥(r) = ¢ nor a stopping threshold enters
V. The fluctuation theory of [3] would enter if the bank could also abandon the peg at
a stopping time for a put-type payoff (K — z)": for each constant control pair the state
is a Kou process, whose stopping threshold is b* = K + E[I] of [3, Theorem 7], with I its
infimum at an independent exponential time, set by the two negative roots of ¥*(r) = q.
The joint game of control and stopping is not treated here.

6.3 Numerical check of the closed form

We take the Kou benchmark of 3] —b=0,0 =02, A=1,p=0.6,n, =10, n_ =5,
g = 0.05, so that ;1 = —0.02 and m, = 0.06 — and the costs a = 0.01, v =2, § = 0.1
with w = 0.5, v = 1. Theorem 4 gives u* = —0.10 and v* = 0.12, both interior, and
V(0) = 0.2656. The script python/saddle_check.py checks this two ways.

The Isaacs equation, evaluated numerically. At nine states x € {—2,—1.5, ..., 2} we evalu-
ate the bracket of Definition 3 on the closed-form V', with the jump integrals by adaptive
quadrature and the derivatives by central differences, and compute its sup—inf and inf-
sup over U x A by nested bounded Brent searches, which never use (6.4). The residual
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qV(z)— H~[V](x) is at most 1.1 x 1072, so V solves the equation of Theorem 2; the sup—
inf and the inf-sup differ by at most 2.2 x 107'®, the Isaacs condition; the searched saddle
controls agree with (6.4) to 1.5 x 1072 in w and 7.1 x 107 in v, the first-order conditions
of Theorem 3; and the non-local term .#,[V] by quadrature equals —am_, = —0.012 to
4.9 x 10717,

Monte Carlo at an exponential time. For constant controls the controlled state is a Lévy
process, so the payoff is a resolvent, and the killed representation in the proof of [3, The-
orem 1] gives J(z;u,v) = ¢ Ey[l(z + Xf:(’;’), u, )], with e(¢) an independent exponential

time of rate . We sample X% under P, exactly: e(q), a Gaussian increment, Poisson

numbers of up- and down—jum;)qs), given e(q), and Gamma-distributed sums of their sizes.
Figure 1 shows the two one-sided profiles through the saddle, J(0;u,v*) at 11 values of
u and J(0;u*,v) at 11 values of v, with 4 x 10° paths per point. Against the closed-
form curves the 22 points give x? = 28.8 on 22 degrees of freedom (p = 0.15; largest
2| = 2.76). With 2 x 10° paths the saddle value is J(0; u*, v*) = 0.26520 + 0.00037 against
V(0) = 0.26560 (z = —1.08), and the slope of Theorem 1, from independent runs at
z=0and x =1, is —0.19926 + 0.00052 against —a/q = —0.2 (z = +1.42): the bound of

Theorem 1 is attained, as Remark 1 says.

The defender's maximum The attacker's minimum

—— J(0: u*, v), closed form
V(0) = 0.2656
$ Monte Carlo, 4 x 10° paths per point

0.2
0.40

0.0 0.38

~ —0.2 0.36

S3 0.34
= —0.4
S
g
=} 0.32
—0.6
0.30
-0.8
0.28
= J(0: u, v*), closed form
~1.0 $ Monte Carlo, 4 10° paths per point
0.26
-0.3 -0.2 -0.1 0.0 0.1 0.0 0.1 0.2 0.3 0.4 0.5
defender's drift control « (attacker at v*) attacker's intensity control v (defender at u*)

Figure 1: The two one-sided profiles through the saddle of Theorem 4 at z = 0, benchmark
of §6. Left: the bank’s payoff J(0;u,v*) against its drift control, maximal at v* = —0.10.
Right: the payoff J(0;u*,v) against the speculator’s intensity control, minimal at v* =
0.12. Curves: closed form. Points: Monte Carlo from the exact law of the controlled state
at an independent exponential time, 4 x 10° paths each, with 95 % error bars. The dotted
line is V(0) = 0.2656 in both panels.

7. Conclusion

This technical note extended the zero-sum stochastic differential game of Bensoussan and
Frehse [1] and Fleming and Souganidis [2] to a state process driven by a Lévy noise

satisfying assumptions (A1)—-(A2) of [3].
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We proved that the values have at most linear growth and are Lipschitz in the state
(Theorem 1), that under the Isaacs condition they coincide as the unique viscosity solution
of at most linear growth of the HJI integro-differential equation (Theorem 2), and that
saddle strategies satisfy a non-local first-order condition (Theorem 3). The non-
locality is the main qualitative difference from the Brownian case: when the attacker
controls a jump intensity, its condition integrates the value against the measure of the
jumps it controls. In the central-bank-versus-speculator game of §6 the saddle pair is
constant and the value affine (Theorem 4), and the closed form is confirmed by a numerical

evaluation of the Isaacs equation and by Monte Carlo.

7.1 What this note deliberately omits

Four directions are left for future work:

1. Leader—follower games. If the bank commits to a policy first and the specu-
lator best-responds, the game is a Stackelberg game rather than a zero-sum one;
the leader’s problem is constrained by the follower’s best response, and the Isaacs-

condition arguments above do not apply.

2. Non-zero-sum (Nash) games. The N-player Nash equilibrium with Lévy noise
reduces to a coupled system of N HJB equations, for which the comparison argument
of §4 does not by itself give uniqueness.

3. Mean-field limits. The N — oo continuum-of-players limit produces a master
equation, a research-paper-length topic.

4. Stopping and asymmetric information. A bank that may abandon the peg adds
a stopping time to the game (Remark 3), and worst-case filtering under Knightian

uncertainty changes the state space; each needs a separate treatment.
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Power function of the Matérn interpolant: P(x)? = ¢(0) — p x(x)T A" o (x), zero at every data point x;
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