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TECHNICAL REPORT

vy Projected SOR, Penalty and Policy
Iteration for Real-Options

Variational Inequalities

A Comparison on Two-Factor Investment Problems

Supervised by Dr. T. Zamrik!

08-MAY-2022 TR-2026-08169923

Abstract. An option to invest whose payoff depends on two random factors is valued by a
variational inequality; after a monotone discretisation it is a linear complementarity problem
with an M-matrix, which has one solution. This report compares projected SOR, the penalty
method, policy iteration and, for an option that expires, Ikonen—Toivanen splitting, on three
problems: the McDonald—Siegel option, checked against its closed form on the full two-factor
grid; an option on a mean-reverting price, checked by simulating the rule its boundary defines;
and an option with a finite life. All methods reach the same discrete solution, to 2.1 x 107,
and the boundary converges to the closed form X* = 2.8560 at second order, to 2.4 x 10~
on 512 x 512 cells. With a sparse direct solver on one thread, projected SOR was the fastest
on the perpetual problems at the larger grids, 2.6 s against 26 s and 27 s at 512 x 512. Policy
iteration from the payoff moved the boundary about one cell per iteration, so its count grew
with the grid, from 4 to 23. The penalty error fell as one over the penalty, which must be set
by a rule. The nine-point stencil, never an M-matrix, converged and was the most accurate
at strong correlation. For the expiring option, splitting with one factorisation matched the
exact step solvers at a fraction of their time. The recommendations hold for a direct solver,
one thread and problems of this size.

TR-2026-08169923 - Optimal Control & Decision Desk - Technical Report - Published
08-MAY-2022 - Updated 13-OCT-2026 - Reading time: about 36 min

1. Introduction

A firm that can build a project at a cost K and receive a project worth V holds an
option: it may invest now, or wait. When both V and K move at random, this is an
optimal stopping problem in two state variables. McDonald and Siegel [1] showed that,
for geometric dynamics, the value is homogeneous of degree one, so the decision depends
on V /K alone and the firm invests when the ratio first exceeds a threshold well above one.
The same structure underlies the entry and exit decisions of Dixit [3] and the valuation of
natural resources by Brennan and Schwartz [4]; Dixit and Pindyck [2] set out the theory.

As a partial differential problem, optimal stopping is a variational inequality: the value

LCorrespondence: Optimal Control & Decision Desk, Zamrik Quant Research, info@zamrik.com. Ver-
sion 2 — re-issued by the Optimal Control & Decision Desk, 13 October 2026.
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dominates the payoff, satisfies the pricing equation where it exceeds it, and the two con-
ditions hold in complementary regions [6]. Jaillet, Lamberton and Lapeyre [7| gave the
framework for American options, Peskir and Shiryaev [8] treat the free boundary, and
Pham [9] places it within stochastic control. Without homogeneity the inequality must
be solved on a two-dimensional grid, as a large complementarity problem whose method
of solution decides the cost and how far the answer can be trusted.

Four methods dominate. Projected successive over-relaxation, introduced by Cryer [13] for
quadratic programmes with bounds, sweeps the grid and clips each value at the obstacle;
Brennan and Schwartz [11] had priced the American put by finite differences with the
early-exercise condition applied node by node. It is short to write and needs no linear
solver, but its theory covers symmetric matrices and its speed depends on a relaxation
factor. The penalty method replaces the inequality by a nonlinear equation that penalises
violations of the obstacle and solves it by Newton’s method; Zvan, Forsyth and Vetzal [14]
used it with stochastic volatility, and Forsyth and Vetzal [15] proved that under M-matrix
conditions its Newton iteration is monotone and terminates. Policy iteration, Howard’s
algorithm [17], alternates between choosing on each node whether to invest and solving
the system that choice defines; Bokanowski, Maroso and Zidani [18] proved its superlinear
convergence, and Reisinger and Witte [20] proposed it as an easy way to price American
options. For an option that expires, the splitting of Ikonen and Toivanen [22] divides each
step into one linear solve and one pointwise update, so a single factorisation serves every
step. Achdou and Pironneau [32] survey these methods. They are rarely compared on one

discretisation, with one stopping test, against an exact answer, in two state variables.

The report makes four contributions. First, it states three investment problems with the
facts the computation is checked against: a closed form and its one-dimensional reduction
(Proposition 1, Corollary 1), the value of an output stream (Lemma 1) and the limit
of a growing life (Proposition 2). Second, it gives the convergence theory in one place:
when the seven-point stencil is an M-matrix (Proposition 3), uniqueness (Proposition
4), finite termination of policy iteration (Theorem 1), the penalty error with an explicit
constant (Theorem 2), and policy iteration as a semismooth Newton method (Proposition
5). Third, it runs the four methods on one discrete problem per experiment, with one
start, one stopping test and one thread, against exact answers where they exist and against
refinement and simulation where they do not. Fourth, it reports where the usual advice
fails, and states which method to use under which conditions (Remark 3) and what the

comparison leaves out (Remark 4).

2. The Three Problems

Definition 1 (Investing when value and cost are both random). The value V of a com-
pleted project and the cost K of building it follow

AV, = pyVydt + oy Vy dWY, AR, = pKydt + o K, dWE,

with d(W1, W?2), = pdt, |p| < 1, oy,0, > 0 and a discount rate r > 0; the shortfalls
Oy =r—py and 6 = r— pye are the rates at which waiting forgoes value and saves cost.
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The option to invest is worth F(V, K) = sup, E[e "(V, — K,)"] over stopping times 6,
the payoff being zero on {# = co}. With

+ puyVoy + pg Kok,

F solves min{rF — F, F— (V—K)"} =0on V,K > 0.

This is problem (a) [1]: the question is not whether V' exceeds K but by how much it
must, before waiting stops paying.

Proposition 1 (The McDonald-Siegel boundary). In Definition 1 let §;, > 0 and o2 =
02, —2poy o + 0% >0, let 8 be the root above one of

5028(B—1) + (6 — dy)B — 0 = 0,

and X* = 3/(8—1). Then F(V,K) = Kf(V/K) with f(X) = (X* — 1)(X/X*)? for
X < X*and f(X)=X—1for X > X*; it is optimal to invest the first time V > X*K;
and X* > max(1,04/0y ).

Proof. The quadratic is —dy, < 0 at one, so it has one root above one. The dynamics
and the payoff scale with (V,K), so F(cV,cK)=cF(V,K) and F = Kf(V/K), f(X) =
F(X,1). WithX =V /K, 0y F = f', 0 F = f=Xf', 0y F =f"/K, Oy F = —Xf"/K,
O F =X%f"/K, and p, — g = 65 — Oy, S0

rF —ZF = K[ogf— (6 —0y)X [ — 502 X2 "].

Below the boundary f combines X° over the two roots b; as e "'V, is a supermartingale,
f(X) < X, which excludes the root below one. Value matching A(X*)? = X* —1 and
smooth pasting AB(X*)?~Y =1 give X* and f [1], [2]; [ is conver and tangent to X — 1
there, so f > (X —1)" below X*. Above it, rF — L F = K(0y,X — d), and the quadratic
gives %(725(6 —1)=0yB—0x(B—1) >0, so 6,X* > 0. The verification argument [2]
identifies F' with the value. O

The correlation enters only through o2, the variance of In(V/K); with Example 1’s other
parameters the boundary falls from 3.79 at p = —0.95 to 2.30 at p = 0.95.

Corollary 1 (One ratio carries the whole problem). Under Proposition 1, F = K f(V/K)
solves the two-factor inequality of Definition 1 if and only if

min {6y f — 302 X2f" — (6 —6y) X[/, f— (X —1)T} =0, X >0,
the inequality of a perpetual call struck at one, with volatility o, yield dy, and rate 0.

Proof. By the proof of Proposition 1, rF — ZF and F — (V — K)* are K > 0 times the

two expressions above. O
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The reduction is a second, independent discretisation of the same closed form, on a grid

in In X alone.

Example 1 (The base case in numbers). Problem (a) with » = 0.05, uy, = 0.01, oy, = 0.25,
e = —0.02, o5 = 0.10 and p = 0.3: the value grows at 1 per cent a year and the cost
falls at 2 per cent.

Parameters. &y, = 0.04, - = 0.07, 02 = 0.0575.

Computation. The quadratic £(0.0575)3(8 — 1) + (0.07 — 0.04)3 — 0.07 = 0 has the root
B = 1.5388, so X* = 2.8560, and f(e™!) = 0.0792, f(1) = 0.3692, f(e®*) = 0.6832,
f(e%8) = 1.2644. In the investment region 6y, X* — &5 = 0.0442 > 0. Numerically, the
quadratic’s residual is 1.4 x 10717, and rF — £ F applied to K f(V /K) by finite differences
in (V, K) vanishes to 7.2 x 1079 relative.

Shows. The firm invests when the project is worth 2.856 times its cost, not 1; where
investing now is worth nothing, X = 1, the option is worth 0.369 per unit of cost.

Definition 2 (A mean-reverting price and a falling cost). The project yields one unit of
output a year for ever, sold at a price P with dIn P, = k(Inp —In P,) dt +op dW}, k > 0;
the cost K follows Definition 1, with d(W?', W?), = pdt. Investing at a stopping time 6
pays II(P,) — Ky, where

(P) = /O i Ep[P,)dt,

and the option is worth F(P, K) = sup, E[e " (II(Py) — K4)*]. The base case has k = 0.3,
p=1,0p=03,1=005 g =—002 o = 0.10 and p = 0.2.

This is problem (b), with the one-factor price of Schwartz [5], a case Dixit and Pindyck
[2] discuss. II is not linear in P, so there is no reduction and no closed form; in z = In P,
y = In K the diffusion is constant and the drift x(Inp — z) points back to Inp.

Lemma 1 (The value of the output stream). Under Definition 2, In P, is Gaussian with
mean m; = e "'In P + (1 — e **)Inp and variance s7 = 0%(1 — e 2"")/(2k), so Ep[P,] =
exp(m, +s7/2); I is finite, with TI(P) < r~! max(P,p) exp(c%/(4x)), and continuous and

strictly increasing in P.

Proof. The equation is linear in In P,, so
t
InP, =m, + O'P/ e rt=s) W},
0

a Wiener integral with variance s? added to a constant, and the lognormal mean gives
Ep[P]. As m, is a convex combination of In P and Inp, ™ < max(P,p), and s? <
0%/(2K), which gives the bound. The integrand increases strictly with P, at the rate
e *t in InP, and is dominated on bounded sets of P, so Il is continuous and strictly

increasing. O

So the payoff of problem (b) increases in P and decreases in K. Since e "' K, is a su-
permartingale when d; > 0, raising the starting cost by AK lowers F' by at most AK;



Projected SOR, Penalty and Policy Iteration for Real-Options...

hence F'+ K —1II is non-decreasing in K, and the investment region is { K < K*(P)}, one
boundary per price, which is what the computation locates and the simulation uses.

Definition 3 (An option to invest that expires). The option of Definition 1 may be
exercised only until a date T. With 7 the time left, its value F'(V, K, 7) is the supremum
of E[e™"%(V, — K,)*] over stopping times 6 < 7; it solves

min{d, F +rF — ¥YF, F—(V—-K)"} =0, F(V,K,0)=(V—-K)",
and is homogeneous, F' = K f(V /K, 7), with investment optimal when V' > X*(7)K.

This is problem (c). In X it is an American call with yield ¢, and rate d, so its boundary
starts, as 7 — 0, at max(1, 0 /dy,), which is 1.75 in Example 1. The payoff’s kink at X =1
then lies in the continuation region, which matters for the time stepping.

Proposition 2 (A longer life is worth more, up to the perpetual option). Under Definition
3 with dy, > 0, let F and X*(T") be the value and boundary with life 7', and F', X* those
of Proposition 1. For T' < T’ Fp < Fpy < F and X*(T) < X*(T’) < X*; as T — o0,
Fy — F and X*(T) — X*.

Proof. Stopping times bounded by T are bounded by T’ and admissible for the perpetual
problem, which orders the values; the regions {Fp = (V — K)*} = {V > X*(T)K}
are then nested in reverse, which orders the boundaries. Fix a stopping time 6. As
T — oo, e "NV, o — Kyp)t — eV — Ky)*, which is zero on {# = oo} since
e "V, — 0. The payoffs are dominated by sup, e "V, integrable because the supremum
of oy W} — (6 + 20¥)t is exponential with rate (26, + o%)/o% > 1 [8]. Dominated
convergence gives limy Fr > Ele ™ (V, — K,)*| for every 0, so limyp Fp > F. Finally
X*(T) increases to some X < X*; if X < X*, every Fp(X,1) with X < X < X* is X —1,
so f(X) = X —1 there, against Proposition 1. O

Assumption 1 (Standing assumptions). (i) r > 0; oy, 0, 0p and k are positive; |p| < 1.
(ii) 6y, > 0 and 0 > 0. (iii) Parameters are those of Example 1 and Definition 2 unless a
study varies one.

Every statement below uses it: (i) gives the discrete matrices their diagonal dominance
(Propositions 3 and 4); (ii) gives the closed form, the limit of the finite life and, in problem
(b), the form of the investment region (Lemma 1); (iii) fixes the base cases on which the

methods are compared.

3. Discretisation

Definition 4 (Grid, truncation and boundary conditions). Problems (a) and (c) use
r=InV,y=1InK on [-8.8,4.0] x [-2.56,2.56] with N x N cells of sides h,, h,, h,/h, =
0.4 = oy /oy. The edge v = —8.8 (V/K < e 52%) carries F' = 0, the edge z = 4.0
(V/K > el* = 422 > X*) carries F = V — K, and the edges y = +2.56, which the
boundary crosses, use F(e/V,e‘K) = ¢‘F(V,K), { = 2h, = 5h,: each edge node is et



Projected SOR, Penalty and Policy Iteration for Real-Options...

times the node two cells along and five inward. Problem (b) uses x = In P, y = In K on
[—2,2] x [0,5.5] with N x 4.125N cells, h, = h,/3; F = 1I(P) — K at y =0, I' = 0 at
y = 5.5, and on the edges in x the equation without z-diffusion and cross term, its drift
upwinded inward. The reduction of Corollary 1 uses z = In X on [—10.4,2.4] with N cells.

The homogeneity rows are exact for the discrete problem and use no closed-form value.
Both grids have a = 1 in Proposition 3, so the seven-point stencil, used in every study
but the correlation study, is monotone. Moving each edge outward changed the reference
values by at most 4.5 x 1072 in (a) and 1.3 x 10~7 in (b), relative.

The grid turns the inequality into a complementarity problem, and its form decides which
theory applies.

Start. In the coordinates of Definition 4, with F'(V, K) = u(z, y), the generator of Defini-

tion 1 is

ZLu = a110,,u + a190,,u + A990,,u + b0, u + by0,u, (3.1)

: _ 1.2 _ _ 1.2 _ 1.2 _ 12
with a;; = 507, a5 = poyog, Ay = 50%, by = py — 50y, by = pug — 50%, and the

inequality is min{ru — Lu, u—g} =0, g = (e* —e¥)" [6], [32].

Steps. (1) At interior nodes a stencil replaces .Z by a row of L,, giving A = rl — L,

+£

and b = 0; boundary rows are u; = g; on the Dirichlet edges and u, — e**u,, = 0 on the

homogeneity edges. Row by row,

min(Au—0b, u—g)=0. (3.2)

(2) As min(p,q) = 0 exactly when p,q > 0 and pg = 0, this is the complementarity
problem u > g, Au > b, (Au —b)T(u — g) = 0. (3) In problem (c) the -scheme gives at
each step the same problem with Ay = I + 0AtA and b = (I — (1 — 0)AtA)u™; 0 = 1 is
implicit Euler, % Crank—Nicolson. (4) On the edge y = 2.56 the homogeneity rows have
negative sums. The change of unknown u = Fw, E = diag(e¥i), keeps every sign, turns
them into w, —w, = 0, and gives each interior row the sum e ¥ (AeY),, which is 0 up
to O(hZ), since (r — Z)e¥ = §yev.

End. If the interior rows have non-positive off-diagonal entries, let z be one except slightly
larger on the homogeneity edges; then E~'AEz > 0, so E~1AFE, and with it A, is a
nonsingular M-matrix by the criterion in the proof of Proposition 4. So is A,, and so is
problem (b)’s matrix directly. Proposition 3 says when the interior rows qualify.

Proposition 3 (When a nine-point stencil stays monotone). Let A = rI—L;, be assembled

as in the derivation above with spacings h,, h,, central second differences on the axes,

the drift central where the axis weight is at leasty |b.]/(2h) and upwind elsewhere, and one
of three approximations of a;,0,,u. Let a = ayh,/(oxh,). (i) The central nine-point
stencil 89, (uy —uy _y —u_y 1 +u_y _y)/(4h,h,), gives an M-matrix only at p = 0. (ii)
The seven-point stencil S7 oriented by the sign of p, for p > 0

2ug ot Uy F Uy U g U Ug g — U g

Oy U A ’
myt 2h,h, ’
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gives an M-matrix exactly when |p| < min(a,1/a). (iii) The wide stencil W from Selling’s
decomposition gives an M-matrix at every |p| < 1. (iv) For S7 within its range and for
W the scheme is monotone, stable and consistent, and converges to the viscosity solution
whenever the limit problem has a strong comparison principle [26], [29].

Proof. The neighbour weights of L;, sum to zero, so if all are non-negative A is a Z-matrix
strictly dominant by r, an M-matriz; a negative weight is a positive off-diagonal entry. (i)
The corner weights are +a,/(4h,h,). (i) For p > 0 the weights are ay, /h2—|ay,|/(2h,h,)
on (+1,0), agy/hZ — |ais|/(2h,h,) on (0,£1) and |ay,|/(2h,h,) on +(1,1); upwinding
adds |by|/h to one side only, so the drift never makes a weight negative, and the conditions
o3 /h2 > |ployorc/(hhy) and 0% /02 > |ployorc/(hh,) are o] < a and |o < 1/a. (iii)
Selling’s decomposition writes the diffusion tensor in grid units as Zk wy L&l with wy, > 0
and integer &, a sum of second differences along &, with non-negative weights [27], [28].
(iv) Stability is |A™Y|, < 1/r on dominant rows and consistency is Taylor’s; the theorem
is that of [26], and the weights divided by the diagonal are a Markov chain approzimation
[29]. O

At @ =1 S7 is monotone at every correlation, and Selling’s reduction returns S7 itself.

Proposition 4 (One discrete solution for every M-matrix). Let A be a nonsingular M-
matrix and F(v) = min(Av — b,v — g) row by row. (i) F(u) = 0 has exactly one solution.
(ii) Every matrix whose rows are rows of A or of the identity is a nonsingular M-matrix.
(iii) If F(v) <0 < F(w), then v < w.

Proof. A Z-matriz is a nonsingular M-matrixz exactly when it maps some z > 0 to a
positive vector [12]; take such a z for A. (ii) Such a matriz B is a Z-matriz with Bz > 0,
since its rows give (Az); > 0 or z; > 0. (iii) Let B take in row i the row of A if
(Av —b);, < (v—g),; and the row of the identity otherwise, with ¢; = b, or g;. Then
Bv—c=F(v) <0< F(w) < Bw—c¢, so Blw—wv) >0 and w > v by (ii). (i) Uniqueness
is (iii) applied both ways. An M-matriz is a P-matriz, and the complementarity problem
with a P-matriz has a solution for every right-hand side [12]; Theorem 1 also constructs
it. O

Part (iii), a discrete comparison principle, carries Theorems 1 and 2. Uniqueness means
any difference between the methods’ answers on one grid is how far each iteration was

taken.

Remark 1 (The wide stencil and what it costs). W buys monotonicity at any correlation
with reach: on square cells, where a = 2.5 and S7 is monotone only for |p| < 0.4, Selling’s
reduction used directions reaching two cells for 0.45 < |p| < 0.8 and three for |p| > 0.85
27), [28).

The price has three parts: a wider coupling, so more fill in a factorisation and boundary
layers as thick as the reach; second differences over steps |£|h, still second-order consistent
but with an error constant growing like |¢|?; and, where the reduction drops an axis
direction, a drift upwinded at first order. At p = 0.95 on square cells W’s value error
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was 3.9 x 1072, against 2.0 x 1072 for S7 and 1.5 x 1072 for S9. W is needed only when
|p| > min(a, 1/a); with constant diffusion in log coordinates, as here, choosing h, /h, as

the ratio of the volatilities makes ¢ = 1 and removes the need.

4. Four Solvers

Algorithm 1 — Projected SOR

Inputs: A, b and ¢g; which rows are interior; the tolerance € = 1010 maX(l,HgHoo); a

factor w, or none. Output: u with || min(Au — b,u—g)“oo < €, and the number of sweeps.

1. If no w is given, bound the Jacobi radius by Gershgorin over the interior rows,
py < max;(1—17/a;;) on problem (a), and set w=2/(1+ /1 —p?) (Young).
2. Set u=yg.

3. For i =1,...,n, using values already updated: on a boundary row solve its equation
for u;; on an interior row set z = (bi —Zj# az‘j“j)/aii and u; = max(gi, ui—|—w(z—

4. Stop if |min(Au —b,u — g)|., < €; otherwise return to step 3.
Cost. One pass over the non-zeros per sweep; the sweeps grew like N, so the time grows

roughly as N3. Over-relaxing the homogeneity rows instead made it diverge from w =~ 1.8.

The method is Cryer's [13]; on convergence see [12] and Remark 2.

Algorithm 2 — The penalty method with a Newton iteration

Inputs: A, b, g, the interior rows and € as in Algorithm 1; a penalty A, or none.

Output: u with || min(Au —b,u 79)”00 < €, and the number of Newton steps.

1. If no A is given, set A =10 ||(Agfb)+||oo/e, the norm over the interior rows.
2. Set u=g.

3. Let P be diagonal with P, =1 on interior rows where u; < g;, else 0. Stop if P

repeats the previous step's; report a cycle if it repeats an earlier one.
4. Factorise A+ AP and solve (A + )\P)u =b+ A\Pg.
5. Stop if || Inin(Auf b,u fg)”oo < €; otherwise return to step 3.
Cost. 0One sparse LU factorisation per step. By Theorem 2 the rule bounds the obstacle's

violation by 6/10. The iteration is Forsyth and Vetzal's [15], used with stochastic

volatility in [14] and for Hamilton-Jacobi-Bellman equations in [16].

Algorithm 3 — Policy iteration

Inputs: A, b, g and € as in Algorithm 1. Output: u with min(Au—b,u—g) =0 to within

€, its exercise set, and the number of policies.

1. Set u=g.

2. Let £ = {Z : (u—g)l— < (Au—b)i}, where investing is the better choice at u. Stop
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if I repeats the previous set; report a cycle if it repeats an earlier onme.

3. Form B and ¢: on rows in I the row of the identity and C;, = ¢g;; on the others the

row of A and ¢; =b,.
4. Factorise B and solve Bu = c.

5. Stop if H min(Au— b,u fg)”m < €; otherwise return to step 2.

Cost. One sparse LU factorisation per policy; the sets shrink from {Z : (Ag* b)i > O}
(Theorem 1). Howard [17] introduced the method; [18] proves its convergence for this

class and [20] applies it to American optionms.

Algorithm 4 — Tkonen-Toivanen splitting for a time step

Inputs: A, g and the interior rows; 7' and a schedule of steps (At,@): 0 =1 (implicit
Euler), § = 1/2 (Crank-Nicolson), or four implicit half steps and then Crank-Nicolson
(Rannacher). Output: w at 7 =71, and a multiplier 7 > 0 with (u—g);7; =0 on interior

Irows.

1. Set u=g¢ and 7 =0.
2. For each distinct (At,0), factorise I + 0AtA once.

3. At each step solve (J +0AtA)u = (I — (1 —0)AtA)u+ Atn, with 7 =0 on boundary

rows.

4. On interior rows set u™" = max(u— Atn, g) and 9™V = max(0, n+ (9 —ua)/At);

recompute the boundary rows from their equations.

5. Replace u, 1) by the new values and take the next step.

Cost. Two triangular solves per step; one factorisation, two for Rannacher. Step 4

solves the split problem exactly, (u"®V —g);nrev

=0, and the step's own complementarity
problem only approximately. The splitting is Ikonen and Toivanen's [22], extended to

stochastic volatility in [23].

Theorem 1 (Policy iteration stops in finitely many steps). Let A be a nonsingular M-
matrix with n rows, and run Algorithm 3 without its tolerance test from u® = g, with
sets B9, E1, ..., where u**1 solves the system of E*. Then (i) g < ut <w? < ... < u, the
solution of Proposition 4; (ii) E° D E' D ..., strictly until a set repeats; (iii) the algorithm
stops at u after at most |E°|+1 < n+1 linear solves. More generally, Howard’s algorithm
with M-matrix policies converges superlinearly, and for obstacle problems in finitely many

iterations, bounded by the number of unknowns [18].

Proof. Let F(v) = min(Av—b,v—g) and B,u**t! = ¢, the system of E¥; by the choice of E¥,
Byu* — ¢, = F(u*). Now F(u") = min(Ag —b,0) <0, and F(u*) < B, _ju*¥ —¢, ; =0
for k > 1. So By(u*™!t —u*) = —F(u¥) > 0 and v > u* by Proposition 4(ii),
while F(u¥) < 0 = F(u) gives u* < u by Proposition 4(iii): (i). If i ¢ E*, then
(AuFt —b), = 0 < (P —g);, so i ¢ EFY: (i), If E*Y = EF on its rows uf™! = g,
and (AuF*t —b), > 0, and on the others (Au**t —b), = 0 < (uF1 — g),, so F(u*t1) = 0.
A strictly decreasing chain of subsets of E° has at most |E°| + 1 members: (iii). O
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Each policy can only release nodes, so the count measures how far the boundary must
retreat from the first set, which the bound n + 1 does not.

Theorem 2 (The penalised solution and its error). Let A be a nonsingular M-matrix
with n rows, A > 0 and u the solution of Proposition 4. (i) Av —b— A(g —v)* = 0 has
exactly one solution wu,. (ii) The Newton iteration of Algorithm 2 without its tolerance
test increases from its first iterate on, its sets shrink, and it stops at u, after at most n+2

linear solves. (iii) 0 < u —uy < C/\; if the rows of A have non-negative sums,
0<u—uy <[(Ag=b)"l/A and (g—uy)" <|[(Ag—b)"[c/A

Proof. As —A(g—v)" = min,c(q 13 Ap(v—9), the equation is minp[(A+AP)v—b—APg] =0
over diagonal 0-1 matrices P, whose matrices satisfy (A + AP)z > Az > 0 for the z of
Proposition 4 and are M-matrices. Algorithm 2 takes P;; = 1 where v; < g,;, attaining
the minimum: it is Howard’s algorithm, and from k = 1 the proof of Theorem 1 applies,
giving (ii) and existence. If v, v" both solve, (A 4+ AD)(v —v") = 0 with D diagonal in
[0,1], so v =v". For (i), Auy —b = Ag—uy)" >0, so min(Au, — b,uy —g) <0 and
uy < u. With non-negative row sums, at the i mazimising (g — uy); > 0 the non-positive
off-diagonal entries and the row sum give (A(uy —g)); < 0, so AN(g —uy); < (Ag—b);;
then v = uy + A1 (Ag — b)"|| o1 has v > g and Av > b, so v > u by Proposition 4 (%ii).

In general apply this to Z YAZ, Z = diag(z) [15], [16]. O

The rule of Algorithm 2 is this bound read backwards. The bound improves without limit

in \; rounding sets the limit.

Policy iteration looks like a heuristic, a choice alternating with a solve, but it is Newton’s
method.

Start. The discrete problem is F'(u) = 0 with F;(u) = min((Au—b);, u, —g;), a piecewise
linear, hence semismooth, map. A generalised derivative J(u) takes as row i the row of A
where (Au —b); < (u— g),; and the row of the identity otherwise [19].

Steps. With EF = {i : (u¥—g), < (Au*—b),}, the Newton step J (u*)(u**t—u¥) = —F(u")
reads

Wb = (- g) (GEB), (AWM —uh), = —(Auk—b); (¢ BY), (@)

? i

that is, uf™ = g; on E¥ and (Au**1), = b, elsewhere. In the primal-dual active set

strategy [19] the multiplier of u > g is p = Au — b, and the next active set is {i :
pkF —c(uf — g); > 0}; with ¢ = 1 this is E*.

End. The semismooth Newton step, the active set step with ¢ = 1 and the step of
Algorithm 3 solve the same system, so each inherits the others’ theory: finite termination

from Theorem 1, local superlinear convergence from [19].

Proposition 5 (Policy iteration is a semismooth Newton method, and the penalty it-
eration approaches it). Let A be a nonsingular M-matrix. (i) From the same iterate,

10
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Algorithm 3, the semismooth Newton method and the primal-dual active set strategy
with ¢ = 1 give the same next iterate. (ii) At every iterate u*, k > 1, of Algorithm 2 the
penalised set {i : u¥ < g,} is the exercise set Algorithm 3 would choose at u*. (iii) For
a fixed set P, the solution of (A + AP)v = b + APg converges at the rate 1/X to that of
Algorithm 3’s system for the same set.

Proof. is the derivation above [19], [18]. (ii) u* solves (A + AP*1)u* = b+ AP¥1g, so
(Au* —b); = Mg — u®),
(Auk —b), holds exactly when u¥ < g,. (i) Dividing the rows of P by X gives Myv = c,
with M\ — B, ¢ — ¢, the system of Algorithm 3, and B is nonsingular by Proposition

4(ii), sov— B e = O(1/X) [15], [21]. O

on the rows of Pt and 0 elsewhere; in either case (u* — g),; <

From u° = g the penalty method’s first set is empty, so its first solve ignores the obstacle,
a solve policy iteration does not make. Huang, Forsyth and Labahn [21] use the same
identification for Hamilton—Jacobi—Bellman equations.

Remark 2 (What each method needs in order to converge). Each guarantee rests on the
M-matrix, and each method has its own margin beyond it.

For projected Gauss—Seidel, w = 1, the M-matrix suffices: each update is non-decreasing
in the other values, so from the payoff the iterates rise to a fixed point no larger than the
solution, which by Proposition 4 is the solution. Over-relaxation breaks this monotonicity,
and Cryer’s theorem for 0 < w < 2 [13] needs a symmetric positive definite matrix, which
drift and a cross derivative rule out; the measured runs failed from w = 1.85 at N = 64.
Policy iteration needs every policy matrix to be an M-matrix, which Proposition 4 supplies
[18]; otherwise a policy may recur, hence the cycle check of Algorithm 3. The penalty
method needs the same [15], and a ceiling on A: once A times the machine precision times
|9l nears the test, a node just above the obstacle is rounded onto it and stays penalised.
Splitting iterates nothing; its accuracy is measured.

5. How the Comparison Is Run

The comparison holds everything fixed except the method. Each experiment assembles one
matrix, one right-hand side and one obstacle, and every method receives the same three.
Every method starts from the payoff, u = g; in time stepping, the three iterative methods
start each step from the previous solution. All stop on one test, | min(Au —b,u—g)|., <
1071 max(1, ||g|ls ), checked after each sweep, Newton step or policy; on problem (a) it
is 5.45 x 107°. All run on one thread, and a time is the median of three runs (one for
problem (b) on its finest grid).

The computation is written in Python with NumPy, SciPy and Numba. Projected SOR’s
sweeps are compiled before any run is timed. The penalty method, policy iteration and
splitting share one sparse direct LU factorisation with a fill-reducing ordering, and splitting
reuses one factorisation for all steps of a size. Times are comparable as far as the linear
algebra is. All 104 reported solutions meet the test; the study took 862 s.

11
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6. The McDonald-Siegel Problem on a Two-Factor Grid

Secript. Maps the policy-iteration solution of problem (a) on the 256 x 256 grid.

Shows. Proposition 1 on the full two-factor grid.

2.5

~ = closed form V

wait

2.01

investment cost K
=
wv
F=p 25
option value F(V, K)

=
=]

0.5 1

project value V

Figure 1: The computed value of the option to invest F(V, K) for problem (a) on the
256 x 256 grid by policy iteration at p = 0.3, with value contours, the closed-form boundary
V = 2.8560 K dashed and the computed boundary on sampled rows of fixed K as dots.

The firm waits above the dashed ray and invests below it. The dots lie on the ray along its
length, as homogeneity requires; the boundary is 1.2 x 1072 below the closed form, with
a spread of 3.6 x 1073 between rows.

Accuracy against the closed form. Method. Algorithms 1, 2 and 3 on problem (a),
seven-point stencil. On each row of fixed K the boundary is the vertex of the parabola
through the last three continuation nodes, the shape smooth pasting gives; X* is its mean

11 .04 ,08
7176 76

over the central half of the rows. Values are compared at X = e on the row

K=1.
Parameters. Example 1; N = 64 to 512, and 1024 for projected SOR.

Result. The boundary’s relative error is —2.14 x 1072, —6.23 x 1073, —1.22 x 1073 and
—2.44 x 1074, orders 1.78, 2.35, 2.33; at N = 512 it is 2.85531 against 2.85601. The value
error is 1.27 x 1073, 3.18 x 1074, 8.31 x 10™® and 2.12 x 107°, orders 1.99, 1.94, 1.97. At
N =1024: —1.13 x 107* and 5.45 x 1076,

Error. Second order in the value, and in the boundary to within the rows’ scatter: at
N = 1024 its order falls to 1.11, where its error is below the spread between rows, 3.0x 1074,
The methods’ boundaries agree to ten significant figures and their solutions to 2.1 x 1079,
so the error is the grid’s. This verifies Proposition 1 on the two-factor grid.

The one-dimensional reduction as a second check. Method. The inequality of
Corollary 1 on the grid in z = In X of Definition 4, by Algorithms 1, 2 and 3, compared

12
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with Proposition 1 at the same four points.
Parameters. Example 1 through o2 = 0.0575, &y, = 0.04, 5 = 0.07; N = 64 to 8192.

Result. At N = 8192 the boundary’s relative error is —5.9x 10~7 and the value’s 6.5 x 1077,
with orders 2.10, 2.27, 2.95 and 2.01, 2.05, 2.21 over the last three refinements. Policy
iteration took 3, 6, 10, 20, 40, 79, 157 and 314 policies; the three methods agree on every
grid.

Error. The reduction confirms the closed form, and Corollary 1, to 6.5x10~". Its boundary
error is not monotone on coarse grids, 5.8 x107% at N = 128 and 1.5 x 1072 at 256, because
the vertex estimate depends on where the boundary falls between nodes. At equal N its
value error exceeds the two-factor grid’s, 2.0 x 104 against 2.1 x 107® at N = 512: a
different constant, the same order and the same limit.

Source. The accuracy study of problem (a): seven-point stencil on an aspect-matched
grid, p = 0.3, every method stopped by the common test; the boundary Xj is the mean
over rows of fixed K of the vertex estimate where the solution first meets the payoff; values
at X = e 1, 1,e%4, e08; observed orders from successive halvings of the cell. At N = 1024

only projected SOR was run.

Columns. Cells per side; the methods that produced the row (they agree to 2 x 107%);
relative error of the boundary and its observed order; largest relative value error and its

observed order.

Table 1: Boundary and value errors of problem (a) against the closed form as the grid is

refined.
N methods Xp/X*—1 order largest value error order
64 all three —2.14 x 1072 1.27 x 1073
128  all three —6.23 x 1073 1.78 3.18 x 1074 1.99
256 all three —1.22 x 1073 2.35 8.31x107° 1.94
512 all three —2.44 x 1074 2,33 2.12x 1079 1.97
1024 projected SOR.  —1.13 x 1074 1.11  5.45x 107 1.96

The value errors fall at second order throughout. The boundary errors fall unevenly, at
observed orders between 1.1 and 2.4, because the boundary is read from where the solution
meets the payoff, which moves through the grid in discrete steps; the one-dimensional
reduction, solved in X alone, reaches a boundary error of —5.9 x 10~" and a value error
of 6.5 x 1077 at 8192 cells.

Source. The cost study of problem (a): seven-point stencil, p = 0.3, from the payoff to
the common test; time of one solve, median of three runs, one thread.

Columns. Cells per side; unknowns; Young’s factor; each method’s iterations and time.

13
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Table 2: Iterations and time to the common stopping test by solver and grid, problem (a).

N unknowns Young’s w projected SOR penalty method policy iteration

64 4,225 1.679 65 sweeps, 0.0047 s 6 steps, 0.030 s 4 policies, 0.019 s
128 16,641 1.824 132 sweeps, 0.040 s 9 steps, 0.25 s 7 policies, 0.18 s
256 66,049 1.908 267 sweeps, 0.31 s 14 steps, 2.41 s 12 policies, 1.70 s
512 263,169 1.953 545 sweeps, 2.55 s 25 steps, 27.1 s 23 policies, 25.7 s

1024 1,050,625 1.976 1117 sweeps, 21.2' s not run not run

Projected SOR at N = 1024 was faster than either factorising method at N = 512.

Cost on equal footing. Method. Algorithms 1, 2 and 3 on the problems of the accuracy
study, from the payoff, to the common test, timed as in the setup.

Parameters. Problem (a); 4,225 to 263,169 unknowns, 1,050,625 for projected SOR.

Result. Table 2. Projected SOR is the fastest at every grid, 0.0047 s to 2.55 s against
0.019 s to 25.7 s for policy iteration and 0.030 s to 27.1 s for the penalty method. Its
sweeps double with N, as the Gershgorin bound 1 — r/a,; rises from 0.9815 to 0.99993,;
the discount keeps it below one, and a sweep is cheap. The others pay a factorisation per

iteration.

Error. The solutions differ by at most 2.1 x 107, inside the test. Run to 5.5 x 10713
at N = 128, projected SOR came within 1.1 x 10~!3 of policy iteration: the gap at the
common test is its last sweep’s residual. The penalty method made exactly two more
solves than policy iteration on every grid, as Proposition 5 leads one to expect.

How many policies policy iteration visits. Method. Algorithm 3 from the payoff,
counting linear solves to the common test on problems (a) and (b) and the reduction,

against Theorem 1.

Parameters. (a): N = 64 to 512; (b): N = 32 to 256 cells in In P; reduction: N = 64 to
8192.

Result. (a): 4, 7, 12 and 23 policies for 4,225 to 263,169 unknowns. (b): 8, 13, 26 and 50
for 4,389 to 271,649. Reduction: 3, 6, 10, 20, 40, 79, 157 and 314 for 65 to 8,193. Each
count about doubles with V.

Error. Every count lies far inside the bound, 23 against 263,169. The proof explains the
growth: the first set is where Ag —b > 0, which in problem (a) begins near X = §5 /4y, =
1.75, and each policy releases about one layer of cells until the set retreats to X* = 2.856,
so halving the cell size doubles the count. The final residuals, 1.5 x 107 to 2.6 x 107'2,
are those of an exact solve. This verifies Theorem 1: finite, but not flat.

Script. Plots the relaxation study: projected SOR sweeps against the relaxation factor on

two grids.

14
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Shows. Where Young’s rule puts projected SOR relative to the best factor, and how
sharply the cost rises past it.

—o— projected SOR, N = 64 X X X X X
Y Young's w = 1.679, N = 64: 65 sweeps

104 { —®— projected SOR, N = 128

Y Young's w = 1.824, N = 128: 132 sweeps

X  not converged in 20000 sweeps

103 4

sweeps to the stopping test

o
oo
o
~O0—ouq.
>0
-0
TO—o~
o~ o
2 © -
102 ~o-
o~ o

10 12 14 16 18
relaxation factor w

Figure 2: Projected SOR sweeps to the common stopping test against the relaxation factor
w on problem (a) at p = 0.3, for N = 64 and N = 128, with Young’s factor starred on
each curve and runs that did not converge within 20,000 sweeps crossed.

Both curves fall slowly to a sharp minimum and then rise steeply. The best factor moves
toward 2 as the grid is refined, from 1.600 (48 sweeps) at N = 64 to 1.775 (97 sweeps) at
N = 128; Young’s factor, 1.679 and 1.824, sits just past the minimum and costs about 35
per cent more sweeps, 65 and 132. Past the minimum the penalty for over-relaxing is far
larger than for under-relaxing, and from w = 1.85 at N = 64 and w = 1.925 at N = 128
the runs do not converge within 20,000 sweeps, so a factor estimated slightly low is the

safer error.

Projected SOR and its relaxation factor. Method. Algorithm 1 on problem (a)
for w = 1,1.025,...,1.95 from the payoff, capped at 20,000 sweeps; and once to a test of
5.5 x 10713,

Parameters. Example 1; N = 64 and 128.

Result. At N = 64 the fewest sweeps, 48, came at w = 1.600; Young’s 1.679 took 65 and
w = 1 took 262; the 34 factors up to 1.825 converged and none from 1.85. At N = 128: 97
at 1.775, 132 at Young’s 1.824, 1090 at w = 1, no convergence at 1.925 and 1.95. Young’s
rule costs about 35 per cent more sweeps than the best factor.

Error. Every converged run met the test, and to 5.5 x 10713 projected SOR met policy
iteration’s solution within 1.1 x 1073, as Proposition 4’s uniqueness requires. The failures
do not contradict it: for w > 1 on a non-symmetric matrix no theorem says the iteration
finds the solution (Remark 2).

The penalty error against the penalty. Method. Algorithm 2 with A\ = 102, ...,10°,
run until its set repeats, against policy iteration’s exact solution; then time stepping of

15
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problem (c) with a fixed A = 10'° and with the rule.
Parameters. Problem (a), N = 128.

Result. The sup-norm error falls from 1.9 x 1072 at A = 10? to 2.0 x 1071% at 10!°, slope
—0.9987 over 102 to 10%, above the rounding floor of 1.2 x 10~!!; every A took nine Newton
steps. The rule gives 3.3 x 10° to 3.9 x 10° on problem (a).

Error. The slope agrees with Theorem 2’s —1 to three digits, and the sets, not A, decide
the step count. In time stepping a fixed A = 10! reaches a rounding floor of about 102,
below which a released node stays penalised: up to 29 of 130 steps failed the test, with
residuals up to 3 x 10~® and errors up to 2.6 x 1075, With the rule none failed, the worst
residual being 5.26 x 1072 against 5.45 x 1072, This verifies Theorem 2 and its rule.

7. Correlation and Monotonicity

Script. Plots the correlation study for each stencil and grid.

Shows. Proposition 3’s condition, governing convergence but not accuracy.

s 1200

N
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1072 \.( o85°
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projected Gauss-Seidel sweeps (w

max relative value error at X € {e~ 1, 1,e%4,e%8}

200

10744 ‘,I s shaded: |rho| > 0.4, where S7 on square cells,
5 é is not an M-matrix
-1.00 -075 -050 025 000 025 050 075 100 -1.00 —075 —0.50 —0.25 000 025 050 075 100
correlation p correlation p
—— S9 (nine-point), aspect-matched, a = 1 — = S9 (nine-point), square cells, a = 2.5 ® filled: M-matrix
—— S7 (seven-point), aspect-matched, a = 1 — — S7 (seven-point), square cells, a = 2.5 O hollow: not an M-matrix
—— W (wide, Selling), aspect-matched, a = 1 —— W (wide, Selling), square cells, a = 2.5

Figure 3: Left: largest relative value error at X = e !,1,e%4, %8 against the correlation
p for the nine-point, seven-point and wide stencils on the aspect-matched grid (e = 1) and
on square cells (a = 2.5); right: projected Gauss—Seidel sweeps at w = 1; filled markers
are M-matrices, and shading marks |p| > 0.4.

S9 is hollow except at p = 0, yet the most accurate at strong correlation. On square cells
S7 turns hollow in the shaded band, but its error jumps earlier, between |p| = 0.3 and
0.35, where its drift is first upwinded. Every run converged.

The sweep counts on the right fall in straight lines with |p| and meet in a corner at p = 0.
The stencils depend on |p|: as the correlation grows, part of the diffusion leaves the two
axes for a diagonal direction, (1,1) when p > 0 and (1,—1) when p < 0, and the diagonal
entry of each row falls linearly with |p|; projected Gauss—Seidel needs roughly that entry
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over the discount in sweeps. On the aspect-matched grid, where the wide and seven-point
stencils coincide, the count falls from 1204 at p = 0 to 602 at p = —0.95 and 715 at
p = 0.95, near the factor (2 — |p|)/2 = 0.525 this rough argument gives. The two signs
differ by about a sixth; the drift, which in log coordinates has two components of the same
sign, is the likely cause, though the study does not isolate it. On square cells the wide
stencil adds corners where Selling’s decomposition needs longer steps, its reach growing
from one cell at |p| < 0.4 to three at |p| = 0.95, and its count falls much faster, to 115 and
144: the longer steps act like a coarser grid, which converges quickly to a less accurate
answer, as the left panel shows.

Where the standard stencil fails. Method. Problem (a) at 39 correlations from —0.95
to 0.95 with S9, S7 and W on two grids: positive off-diagonal entries counted against
Proposition 3, projected Gauss—Seidel (w = 1, cap 20,000) and policy iteration run, values
compared with the closed form at each p.

Parameters. Matched grid h,, = 0.1, h,, = 0.04, a = 1; square cells h,, = h, = 0.1, a = 2.5,
min(a,1/a) = 0.4.

Result. The count agrees with Proposition 3 at every correlation, stencil and grid: S9 has
34,290 positive entries (matched) and 13,770 (square) at every p # 0; S7 has none on the
matched grid and none on square cells exactly when |p| < 0.4; W has none. Projected
Gauss—Seidel converged everywhere. Policy iteration did too, but on S9 took 109 to 113
policies at every p > 0.05 on square cells and at p = 0.8, 0.85, 0.95 on the matched grid,
against 4 to 9 on S7 and W. At p = 0.95 the value error is 2.3 x 1073 (S9) and 6.5 x 103
(S7) on the matched grid, and 1.5 x 1073, 2.0 x 1072 and 3.9 x 1072 (S9, S7, W) on square
cells.

Error. Monotonicity guaranteed convergence, not accuracy. Part of the loss is the up-
winded drift: on square cells S7’s error rises from 9.9 x 10~* at p = 0.3 to 8.2 x 1072 at
0.35, where it starts to upwind, before it stops being an M-matrix at 0.4. S9 upwinds
nowhere; its missing guarantee showed only in the policy count. This verifies Proposition
3 exactly.

8. A Mean-Reverting Price

Secript. Maps the policy-iteration value of problem (b), with the boundary from the finest
grid and the simulation starts.

Shows. The investment region under mean reversion, and where the simulation checks it.
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Figure 4: The value F (P, K) of the option to invest under a mean-reverting price on the
grid with 128 cells in In P, on logarithmic scales of the price P and the cost K, with the
computed boundary K*(P) (invest when K < K*(P)), the long-run price p = 1 dotted,
and the five simulation starts labelled with the PDE value and the simulated mean and
standard error.

The boundary rises with the price but flattens, In K* going from 1.548 at In P = —1 to
2.951 at In P = 1, because a high price is expected to fall back. At each star the two
values agree within one standard error.

The boundary checked by simulating the rule it defines. Method. First, 11 of
Lemma 1 by quadrature against Monte Carlo on exact Ornstein—Uhlenbeck paths (steps
of 0.05 years over 250 years, 10° paths). Second, the rule “invest when (P, K) enters
the computed region”, from the finest grid, simulated with exact correlated transitions in
steps of 0.01 years over 200 years, 10 paths per start, its mean discounted payoff against
the PDE value. A stopping rule gives a lower bound [33], [34]: a right boundary puts the
mean neither far below the PDE value nor significantly above.

Parameters. Definition 2; starts (In P,In K) = (—1,2), (—0.5,2.5), (0,2.75), (0.5,3.25),
(1,3.25).

Result. 11 = 19.09, 20.12, 21.44, 23.16, 25.45 at In P = —1, ..., 1, increasing, with simu-
lation z-scores +1.22, +0.46, —1.44, —0.63, —0.41. The rule’s values are 11.851 4+ 0.003,
8.531 4+ 0.005, 6.689 + 0.006, 3.181 £ 0.006 and 3.254 4+ 0.006, against PDE values 11.849,
8.528, 6.685, 3.179 and 3.249: z-scores +0.93, +0.53, +0.73, +0.33, +0.94.

Error. All five simulated means lie above the PDE values, each within one standard error;
the combined z-score, 1.55, is not statistically significant, so the boundary loses no value
the simulation can detect. With steps of 0.04 years the estimates drop, one to 2.4 standard
errors below, as coarser monitoring invests late. This verifies Lemma 1 and checks the
region.

The solvers without a closed form to lean on. Method. Algorithms 1, 2 and 3 on
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problem (b), from the payoff, to the common test, timed as before.
Parameters. Definition 2; N = 32 to 256 cells in In P, 4,389 to 271,649 unknowns.

Result. Policies 8, 13, 26, 50; Newton steps 10, 15, 27, 52; sweeps 1886, 597, 1658, 4883.
Times: policy iteration 0.022, 0.17, 2.43, 35.1 s; projected SOR 0.14, 0.18, 2.02, 23.7 s;
penalty 0.040, 0.38, 6.04, 105.5 s (one run at N = 256). Policy iteration is fastest on the
coarse grids, projected SOR on the fine ones.

Error. Projected SOR agrees with policy iteration to between 2.7 x 1071 and 8.8 x 10712,
the penalty method to 3.2 x 10719, against a test of 3.2 x 107Y. By refinement the largest
change at the five starts is 3.6 x 1072, 9.1 x 10~% and 2.3 x 10~4, orders 1.98 and 2.00. The
penalty method again made one or two more solves than policy iteration (Proposition 5);
projected SOR’s sweeps vary irregularly with the grid.

9. An Option That Expires

Script. Plots the finite-life study against T
Shows. Proposition 2: values and boundary rise with the life toward the perpetual option.

100

1014

oK

1024

investment boundary X
gap to the perpetual solution (same grid)

1997

1 2 5 10 20 50 1 2 5 10 20 50

life of the option T [years] life of the option T [years]
—A— finite life X *(T) (policy iteration, Rannacher CN) e valuegapatX=e™! —¥— valuegap at X=e"8
——- perpetual, same grid: 2.8382 = value gap at X =e° —A- boundary gap X —X*(T)

perpetual, closed form: 2.8560 o— value gap at X = 04

Figure 5: Left: the investment boundary X*(7T') of the option with life T, by policy
iteration with Rannacher stepping on the 128 x 128 grid with At = 1/16, for T from 1 to
50 years, with the perpetual boundary on the same grid and in closed form; right: the gap
to the perpetual solution on the same grid, in value at four points and in the boundary.

The boundary rises from 1.997 at one year to 2.836 at fifty, toward 2.8382 on the same
grid. The gaps fall slowly for ten years, then fast; at X = % the gap is flat at first, that
point being in the investment region for the two shortest lives.

The finite life approaching the perpetual option. Method. Problem (c) for T =
1,2,5,10, 20,50 by Rannacher stepping with policy iteration per step, against the perpet-
ual problem on the same grid, so that the gap measures the life alone.
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Parameters. Example 1; N = 128; At = 0.0625.

Result. X*(T) = 1.997, 2.154, 2.442, 2.650, 2.782 and 2.836, against 2.8382 perpetual
on this grid. At X = e~! the value grows from 3.0 x 107% to 0.0773, against 0.0792; at
X = %8 it is the payoff, 1.2255, for T =1 and 2, and 1.2637 at T' = 50, against 1.2641.

FError. Values and boundary increase with T' at every point, as Proposition 2 states; at
T = 50 the largest value gap is 1.9 x 10~2 and the boundary gap 2.5 x 1073, with each
step solved to 2.8 x 107, The grid’s own boundary error, —6.2 x 1073, is common to

both sides. This verifies Proposition 2 on the grid.
Script. Plots the time-stepping study as accuracy against work under Rannacher stepping.

Shows. What each way of solving a time step costs for a given accuracy at expiry.
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wall time of the whole run to T [s], median of 3

Figure 6: Sup-norm error at T = 1 against the wall time of the whole run, median of
three on one thread, for projected SOR, the penalty method, policy iteration and Tkonen—
Toivanen splitting under Rannacher stepping on the 128 x 128 grid, each line running from
At =1/4 to At =1/128.

All four methods reach nearly the same accuracy at each step size, so the curves differ
mainly in cost. Projected SOR and splitting reach an error of 8.9 x 107¢ in under 0.2 s;
the penalty method and policy iteration, which factorise a matrix at almost every step,
need 3.25 s and 2.43 s for the same accuracy. The orders in the step are those of the time
stepping, not of the step solver: implicit Euler 1.00, Crank—Nicolson 1.99, Rannacher 2.00.

Time stepping with four methods. Method. Problem (c), T = 1, by implicit Euler,
Crank—Nicolson and Rannacher stepping (four implicit half steps, then Crank—Nicolson
[30]); each step solved by Algorithm 1, 2 or 3 to the common test, or taken by Algorithm

4. Sup-norm errors at 1" against 2048 Rannacher steps.
Parameters. Example 1; N = 128; At = 1/4 to 1/128.

Result. Observed orders: 0.997 (implicit Euler), 1.993 (Crank-Nicolson), 2.002 (Ran-
nacher); errors at At = 1/128: 1.45 x 1073, 2.57 x 1076 and 8.82 x 1075. The exact step
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solvers agree, the largest difference being 2.51 x 1076 against 2.57 x 107%; splitting matches
them for implicit Euler and Rannacher and gives 3.26 x 1076 for Crank-Nicolson. Times:
Table 3.

Error. Crank—Nicolson kept second order without smoothing here: the payoff’s kink at
X =1 lies in the continuation region, the boundary at expiry being 1.75, and the largest
eigenvalue times the step stays moderate on this grid. Rannacher’s start-up, which guards
against the loss of order described in [31], cost an error constant about 3.5 times larger.
Splitting’s step residual is 1.8 x 1072 at At = 1/4 and 1.3 x 107° at 1/128, its split
complementarity exact. Under implicit Euler the penalty method and policy iteration
made the same numbers of solves at every step size, 9 to 136, consistent with Proposition
5.

Source. The time-stepping study of problem (c), N = 128, T' = 1; whole run, median of
three, one thread; errors against the 2048-step reference.

Columns. Method; iterations per step from At = 1/4 to 1/128 under Rannacher stepping;
factorisations, time for implicit Euler, Crank—Nicolson and Rannacher, and Rannacher’s
error, all at At = 1/128.

Table 3: Work per time step, time of the whole run and error at 1" for the four ways of
taking a step, N =128, T'=1, At = 1/128.

method iterations per step factorisations time (s): IE, CN, Rannacher error

projected SOR 14 to 4 sweeps 0 0.204, 0.169, 0.177 8.88 x 1076
penalty method 2.0 to 1.06 136 to 138 3.06, 3.08, 3.25 8.82 x 1076
policy iteration  1.83 to 1.05 134 to 136 2.41, 2.41, 2.43 8.82 x 1076
splitting 1 solve 1,1,2 0.133, 0.143, 0.171 8.79 x 1076

The Newton methods need just over one factorisation per step, which is what makes them

slow.

10. Choosing a Method

Remark 3 (Which method, when). For a sparse direct solver, one thread and up to about

a million unknowns, the measurements support these choices.

1. Perpetual problems on large grids: projected SOR with Young’s factor. Fastest on
problem (a) at every grid, 2.55 s against 25.7 s and 27.1 s at N = 512, and on
problem (b) from N = 128, 23.7 s against 35.1 s and 105.5 s at N = 256; Young’s
rule costs about 35 per cent more sweeps than the best factor but avoids the factors
that failed.

2. Coarse grids, or an exact discrete solution: policy iteration. Fastest on problem (b)
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at NV = 32 and 64; its count grows like IV, so its cost grows faster than projected

SOR’s.

3. The penalty method only with the penalty rule. 1t solves policy iteration’s systems
plus one or two, so it was never faster.

4. An option that expires: splitting, or projected SOR per step, 0.13 to 0.20 s against 2.4
s for policy iteration at At = 1/128. Plain Crank—Nicolson sufficed because the kink
lies in the continuation region; otherwise Rannacher’s start-up is the safe choice, at

about 3.5 times the error constant.

5. Stencil: match the grid to the volatilities, h,/h, = o /0oy, so that ST is monotone
at every correlation. Elsewhere W restores the guarantee at a cost in accuracy; S9
was the most accurate, without a guarantee, and slowed policy iteration to over 100

policies.

Remark 4 (What this comparison does not cover). The rankings rest on a sparse direct
solver, one thread and three problems with constant coefficients in log coordinates.

With an iterative or multigrid inner solver a penalty or policy step costs a few cycles
instead of a factorisation, and projected multigrid replaces projected SOR [25], [24]; either
could reverse the ranking at large V. With three or more factors a factorisation fills in far
more, which favours methods without one. Policy iteration was started from the payoff;
a nested start from a coarser grid’s exercise set would shorten the walk of the boundary
its count measures, and was not tried. The convergence of monotone schemes [29] does
not cover the nine-point stencil, whose accuracy is measured here, not proved. The free
boundary itself, its regularity and its behaviour near expiry [10], enters only through the
closed form and the limit §5 /dy, .

11. Conclusion

Investment timing with two random factors is, after a monotone discretisation, a lin-
ear complementarity problem with one solution, and all four methods reach it: on the
McDonald-Siegel problem their solutions agree to 2.1 x 1072, the boundary converges to
the closed form at second order, to 2.4x 1074 at 512 cells a side, and the reduction confirms
it to 6.5 x 1077,

What separates the methods is cost and robustness. With a direct solver and one thread,
projected SOR was the fastest on the perpetual problems at the larger grids, because the
discount keeps its iteration contracting and a sweep is cheap. Policy iteration from the
payoff moves the boundary about one cell per iteration, so its finite count grows with the
grid. The penalty method is policy iteration with a finite penalty, and needs that penalty
set by a rule. Monotonicity guarantees convergence, not accuracy. For an expiring option,
splitting was as accurate as the exact step solvers in 0.13 to 0.17 s against 2.4 s. Under
mean reversion the simulated rule recovered the PDE value within one standard error at
five points. Remark 3 holds under these conditions.
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