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Euler Error for Brownian Motion
with Dry Friction

Supervised by Dr. T. Zamrik!
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Abstract. We study the continuous Euler approximation of the scalar diffusion with inward
sign drift and constant nonzero diffusion coefficient. At mesh size h, the error scaled by
h=3/* converges stably in the uniform topology to a conditionally Gaussian process driven
by local time at the discontinuity. The drift feeds the error back through the same local
time, producing an explicitly solvable linear equation. A bounded Brownian corrector gives
the forcing variance directly as ,\/2/7 ¢(—1/2). A shrinking-band occupation argument
accommodates the endogenous Euler error, and uniform moments justify convergence of the
mean-square error. The terminal constant is expressed using the normal distribution function
for every deterministic initial value. For the pure dry-friction interpretation, the result gives
an asymptotic time-step prescription for a specified velocity error. Coupled simulations
illustrate its finite-grid performance and retain both sampling uncertainty and reference-grid
sensitivity.

TN-2026-63585804 - Stochastic Analysis Desk - Technical Note - Published
31-AUG-2026 - Reading time: about 16 min

1. Introduction

A discontinuity in the restoring force changes both the rate and the structure of Euler
error. For the equation dX, = —asgn(X,)dt + odW,, the drift reverses at zero, so visits
near that point determine the leading discretisation error. The same equation describes
velocity under dry friction and Gaussian white-noise forcing [8]. The practical question
is how accurately a uniform-step simulation follows the velocity trajectory driven by the

same noise.

The rate alone is not the contribution sought here. Neuenkirch and Szdlgyenyi [1] con-
nect irregular-drift Euler error to quadrature, obtaining convergence bounds. Miiller-
Gronbach and Yaroslavtseva [2] establish a 3/4 lower-bound mechanism for discontinuous
drift; Ellinger [3] treats piecewise Lipschitz drifts without the earlier monotonicity restric-
tion. These results place a sharp constraint on what a nonadaptive approximation can
achieve. The present result identifies the limiting Euler error and its constant for the

inward sign model.

Dareiotis, Gerencsér and Lé [4] prove an irregular-drift central limit theorem at square-
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root scaling. The displayed forcing in their limit equation vanishes for constant diffusion;
applying their coefficient assumptions to the sign model would additionally require locali-
sation. That theorem therefore does not directly supply the finer-scale limit derived here.
Jacod’s occupation theorem [5] and conditional-Gaussian martingale theorem [6] supply
the two external limit results used in our proof. Occupation approximation constants are
also studied by Altmeyer and Le Guével [7]; we calculate the constant needed here directly,
fixing the indicator and local-time conventions throughout.

The proof has two distinct scales. The Brownian corrector acts in a band of width h'/2,
whereas the drift feedback is determined by the narrower, random band of width h%/%. Es-
tablishing tightness before inserting this random band avoids a circular linearisation. The
application follows the numerical cautions emphasized by Gottlich, Lux and Neuenkirch
[9]: a fine Euler reference remains an approximation, and a visible rate does not establish

an exact error constant.

Main findings
e We prove a functional stable limit theorem for Euler error, with a Brownian forcing
term indexed by local time and a damping term integrated against local time.

e The proof constructs a bounded Brownian corrector and establishes a shrinking-
band occupation lemma whose random thresholds may depend on the Euler error;

this identifies the local-time feedback without assuming independence.

o The forcing constant is ¢ = —4/2/w((—1/2), obtained from an explicit Fourier
calculation.

e Uniform bounds for every finite moment yield convergence of the scaled terminal

mean-square error to a closed expression for all deterministic starting points.

e In two dimensionless dry-friction regimes, the saved coupling experiment quantifies
the finite-grid accuracy of the resulting mesh prescription.

2. Setting and main theorem

Definition 1 (Scheme and local-time convention). Fix a,0,7 > 0 and a deterministic
zo € R. Let
dX, = —asgn(X,)dt + o dW,, Xy = g, (2.1)

where sgn(0) = 0. Let h = T'/n, n;,(t) = h|t/h], and use the continuous Euler interpola-

tion driven by the same Brownian motion:
t
XP =z, — a/o sgn(XT’;h(s)) ds + oW,. (2.2)
The local time L, = LY(X) is the symmetric semimartingale local time, so

X, = Jzol + / sen(X,)dX, + L,, / F(X,)0? ds = / fIY(X)dy.  (23)
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Theorem 1 (Stable Euler limit). Under Definition 1, put ¢ = —/2/7((—1/2) > 0. In
C([0,T7]), stably with respect to the Brownian path,

34X — XM =, U, (2.4)

where, on an extension carrying a Brownian motion B’ independent of the original path,

U is the unique continuous solution of

2a [ c _,
Ut:_ﬁ | Ude$+2CL\/;BLt. (25)
For every finite p > 1,
- »
sup E [Ih=34(x = x| ] < . (2.6)
nz

In particular the squared terminal errors are uniformly integrable. Conditionally on the
original path, Uy is centred Gaussian with variance

Vi = aoc (1 — 6*4“LT/"2) , (2.7)

and

lim n3P2E| Xy — X212 = T32EV;. (2.8)
Thus the variance of the limit under n3/4, rather than h=3/4, is T3/2VT. If z, # 0, paths
that do not hit zero contribute a degenerate Gaussian of variance zero.

Proof. Sections 8 and 4 establish the corrector limit, control the endogenous feedback
and identify the limiting Volterra equation. They prove the moment bound as well as
convergence in law; Section 5 evaluates the remaining local-time expectation. We first

work with T'= 0 = 1 and restore general parameters at the end of Section 4. O

3. Brownian corrector and quadrature limit

Lemma 1 (Bounded corrector). For a standard Brownian segment B on [0, 1] and the
centred step function H below, there is a bounded odd solution F' of (I — P,)F = g.
The centred increment r defined below satisfies |r| < 2, and its variance and Brownian

cross-moment are bounded integrable functions.

Proof. Let P, be the unit Brownian semigroup and

1 x>0,
H(z)=<1/2 x=0, (3.1)
0 xz < 0.

For a standard Brownian path B on [0, 1], define

q(x,B) = /0

{H(x+ B,) — H(z)}ds, g(z) = Eq(x, B) = /0 (P,H—H)(z)ds. (3.2)

3
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The function g is bounded, odd and integrable: for x >0, |g(x)| < ®(—=x), and the negative
half-line follows by symmetry. Define

N—-1 N N-1
Fy(x) =) Pyg(x) = / PH(x)dt — > PyH(x). (3.3)
k=0 0 k=0

For x > 0, the function t — P,H(x) decreases from 1 to 1/2. FEach summand in Fy
is nonpositive and its absolute value is at most P H(x) — P, H(x). Consequently Fy
converges absolutely pointwise and |Fy| < 1/2. For x < 0 use symmetry, and Fy(0) = 0.
Write its bounded odd limit as F'. Since

Fy — P Fy = g— Pyg, (3.4)
bounded convergence and |Pygl., < (27N)"'/2|g|, give the pointwise Poisson equation
(I—P)F=g. (3.5)

We also need decay. For x > 0, put f,(t) = ®(x/\/t), with f,(0) = 1. Summing the

integral error on each unit interval gives

Fioy= [0 mnmia= 3+ [ a2 mmnod (36)

The continuous periodic function A(t) = 2{t}(1 — {t}) is bounded and has derivative
1/2 — {t} away from integers. Integration by parts, with vanishing boundary terms, gives

oo A oo
P+ 3 <l [ 1210 =150 [ igzona (3.7

The last integral is finite: at zero its integrand has Gaussian decay in 1/t, and at infinity
it is O(t™5/2). The identity uses f,(t) = f,(t/x?). Oddness proves the corresponding
negative-tail estimate. In particular

K(z):=F(x) + isgn(az) € LY(R) N L3(R). (3.8)
Now set

r(z,B) = q(x,B) + F(x + B;) — F(z), v(x) = Er(z, B)?, w(z) = E[r(z, B)B,].
(3.9)
Equation (3.5) gives Er(xz, B) = 0 for every x, and |r| < 2. For large |z|, q(x, B) vanishes
unless the Brownian path crosses —x, an event of probability at most Ce=®*/2. On {|By] <
|z|/2}, (3.7) gives |F(x+ By) — F(x)| < C|z|~2; the complement has Gaussian probability.
Thus

C
0< @) < 77

lw(x)| < Vo(x) < ¢ (3.10)

T 14a?
Both kernels are bounded and integrable. This also proves the square-integrability needed
for the mext calculation. O
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Use the Fourier convention f(f) = [e % f(z)dx. Set A =¢2/2, p=e"?, and

D(§) = % 1 _1€,A. (3.11)

The Poisson equation and H =1 give, for £ #£ 0,

R 1—p)/A—1 D) +1/2

gl = LTUAZL Ry = POELZ (3.12)
i€ i€

There is no ambiguity at zero: K € L' is odd, its transform is continuous with value zero

there, and D(§) +1/2 = O(£?). Equivalently the transform of ', modulo a constant which

cancels under translation, is D(§)/(i§). Formula (3.8) justifies the use of this identity for

F(-+ z) — F in L?; the translated differences of H are in L? as well.

Write
1 B B 1—p
J = e"sPs ds, Z = €'’ m=—--.: (3.13)
o A
Then, almost everywhere in &,
J—1+D)(Z -1
(- B)(§) = () ), (3.14)
i€
Gaussian increments give
EJ = m, Lz =D,
2 _2(1-p)
ElJ?=>—-"", EZ-12=21- 3.15
=2 - 220 gz ap =20 -p), (3.15)

E[(J—1)(Z—-1)]=1—p.

For the last equality, E[JZ] = m. Substituting D = 1/A — 1/(1 — p) and simplifying
therefore gives

_I+p 2 2

ElJ—-1+D(Z—-1)]?= — =coth(\/2) — —. 1
=14+ D(Z =P = 72— I = coth(3/2) - 5 (3.16)

Plancherel and Tonelli, justified by (3.10), now yield

/v(m) dx = ! /00 coth(e”/4) — 4/¢ d§. (3.17)
R 0

T £2

The integrand is bounded at zero and O(£72) at infinity. With ¢t = £2/2, this becomes

1 o0 1 1 1
— t3/2 < — - 7> dt. 3.18
ﬂﬂ' /0 et —1 t + 2 ( )
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For —1 < s < 0, the convergent, subtracted Mellin representation is

> 1 1 1
r = 51 ( - - 47> dt. 1
= [ (gt (319
It follows by splitting the standard Mellin integral at 1, subtracting its two small-¢ terms
and analytically continuing; the added terms on [1,00) give 1/(s — 1) — 1/(2s). Taking
s = —1/2, with I'(—1/2) = —2/m, proves

/v:c:—¢ﬂwq—ym. (3.20)

The quantity is strictly positive by (3.17). No occupation-time error constant is imported
from another paper.

Lemma 2 (Stable quadrature limit). In the normalisation " = ¢ = 1, the exact-path
drift quadrature Y,, defined below converges stably to 2a+/c B} . Its supremum norm has

bounded moments of every finite order, uniformly in n.

Proof. Only the following specialisations are needed. For clarity, we state the two external
limit results in the form used here. Occupation law [5]. If Y = x + B is unit Brownian
motion and f is bounded, Borel and integrable, then for u, — oo, u,,/n — 0,

u, ucp
S e < 1Y) [ fw)d. (3.21)
n
k<nt R
Here and below k < nt in sums means k = 0,..., |nt] — 1. This is [5, Thm. 1.1],
with its two-variable function independent of the increment variable. Hypothesis B-0 is
precisely supplied by boundedness and integrability; condition (1.11) is u,/n — 0, not
u, /v/n — 0. The local-time convention in that paper’s equation (1.2) is the one above. In

particular both u,, = \/n and u, = n3/*

are permitted. Convergence in probability transfers
to an equivalent probability measure on a fized horizon. Discrete martingale CLT
[6]. In the completed natural Brownian filtration, a square-integrable triangular array of
martingale differences has a stable continuous conditional-Gaussian limit if its predictable
variance converges to a continuous adapted increasing process, its predictable covariation
with the Brownian increments tends to zero, and conditional Lindeberg holds. This is the
zero-drift, zero-cross-covariance specialisation of [6, Thm. 3-2], conditions (3.10)—(3.14).
The condition involving bounded martingales orthogonal to the basic Brownian motion is
automatic in its natural filtration, by martingale representation. The theorem applies to
the discretised filtration; it does not require the step processes to be martingales in the full

continuous-time filtration. First work under a measure () where Y, = xy+ B, is Brownian.

Define

t
An(t) - n3/4/ [H(Y;>_H(Y\_nsj/n)]d87 Tnk = \/ﬁYk/nv B?J{J = \/H(B(qus)/n_Bk/n)
0
(3.22)
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At grid points, A, = n~4/* > (7w, B™Fk). The array

=n"Y4 Y " r(w,,, BV (3.23)

k<nt

1s a martingale in the discretised filtration. The correction telescopes and the incomplete
~1/4

final interval contributes at most n , SO
A, — M, < 2n Y4, (3.24)
Its predictable variance is
(M), =n2 3" w(v/nYy,) — cLY(Y) (3.25)
k<nt

by (3.21) and (3.20). Its predictable covariation with the grid Brownian increments is

n=34 N " w(vnYy,,). (3.26)

k<nt
The absolute value uniformly in time is bounded by

Q
n VA T2 (v, )l | =0 (3.27)

k<n

using (3.21) and (3.10). Finally |AM,| < 2n~Y*, so conditional Lindeberg holds identi-
cally for sufficiently large n. The discrete CLT stated above proves

A, =4 Ve By, (3.28)

The limit is continuous, and (3.24) transfers the convergence from the step martingales
to the continuous processes in the uniform topology. Here are moment bounds, needed
independently of the CLT. Under Q, the chain x,, ; has unit normal increments, starting
at \/nxy. For'V = |v|,

n—1 —
suplE, Zv (x+ By) < HUH Z -2 < Cy/n. (3.29)
* k=0 k:

Ezxpanding integer moments of this nonnegative sum, ordering the indices and using the
Markov property recursively gives

n—1 m
suplE, (Z v(x + Bk)) < mlC,,n™?, m € N. (3.30)
v k=0

For completeness, repeated indices can be removed with vi < VI~Yv; for ¢ distinct ordered
indices the sum of expected products is at most (Cy/n)t by (3.29). Summing over the
finitely many compositions of m proves (3.30), with a constant depending only on m and
v. Apply the discrete Burkholder—Rosenthal maximal inequality at exponent 2m. The
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predictable-variance term is bounded by (3.30). The remaining term satisfies

> EglAM,, P < 22m 22N T Epu(x, ) < CniTmR2 <G, (3.31)

k<n k<n

Thus sup,, Eq[| M, 20" < oo, and (3.24) and interpolation give
supEg|A, |5, <oco  for every finite p > 1. (3.32)

Now let X be the unit-diffusion sign-drift solution under the original measure P. Bound-
edness of the drift allows an equivalent measure Q) under which X = x, + B on [0, 1].

Conversely

dP ! a® [
7= — =exp —a/ sgn(X,)dB, — / sgn(X,)%ds | . (3.33)
dQ 0 2 Jo

For every r > 1, EgZ" < exp((r? — r)a?/2). The filtration is the natural filtration
of X, which is also that of the driving Brownian motion under either measure: one
direction follows from strong solvability and the other from recovering the driving path
from X. Stable convergence transfers from @ to P by multiplying test variables by Z and
truncating Z in L'(Q). The independent conditional-Gaussian kernel is unchanged; only
the distribution of the base path changes. Holder’s inequality and (3.32), with exponent 2p,
transfer the uniform p-moment bound as well. Since —asgn = —2aH + a, the exact-path
drift quadrature

t
Qult) = [ 1D(X) = b(X, s b= —asen (3:34)
0
therefore satisfies, under P,
Y, :=n¥4Q, =, 20V By, swE|Y, |, < . (3.35)

The harmless minus sign is absorbed into B’. O

4. Local-time feedback and identification

Lemma 3 (Endogenous local-time feedback). In the same normalisation, put U, =
n34(X — XY/™). Then U, is C-tight with bounded supremum moments of every finite
order. If D,, denotes the drift feedback below, then n3/%D, + 2a j; U,, dL converges uni-

formly in probability to zero.

Proof. Put e, = X — X/ Cancellation of the common driving noise gives the exact

decomposition

en(t) = @, (1) + Dy(t),  D,(t) :/0 fox(en(k/n))ds (k= [ns]),  (4.1)
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where
fap(2) = 0(Xp ) — b( Xy, — 2)- (4.2)
Because b is nonincreasing,

2fon(2) <0, [fo x(2)] < 20 (4.3)

Let d = ||Q,, |- At a grid point, if D, (k/n) > d, then e, (k/n) > 0, so the next increment
of D,, 1is nonpositive. If D, (k/n) < d, an upward increment is at most 2a/n. The
analogous lower bound and induction from zero show

D, (k/n)| < d+ 2a/n. (4.4)

Between grid points D,, is linear, so this bound holds throughout the interval. Hence

lealoo < 21Qullo + 2a/n. | (4.5)

This handles discrete overshoots; no Lipschitz derivative of the sign function is assumed.
By (3.35),
U,

n

=n¥le,,  supE|U, [, < oo (4.6)
n
for all finite p. We next prove C-tightness, rather than assuming it in the feedback argu-

ment. On {|U,[. < R}, a nonzero f, (e, (k/n)) requires | Xy,,| < Rn~3/*. By (3.21),

ucp
Jan(t) = n*1/4 Z 1{|7l3/4Xk/n‘§R} — 2RLt (47)

k<nt

On this event the variation of n®/*D, over [s,t] is bounded by
2a{J, (t) — J, pls) + 20714}, (4.8)

The right-hand side has a continuous limiting modulus because L is continuous. The
probability of the complementary event can be made arbitrarily small uniformly in n using
(4.6). Thus n®D,, is C-tight, and so is U, =Y, +n3/D, by (3.35). Foru,y € R, write

Gu,y) = H(y) — H(y —u). (4.9)

For fized u, this is bounded, integrable and has integral w. For fixed y it is nondecreasing
in u, including when u < 0; its endpoint values are fized by H(0) = 1/2. Define

C (t,u) =n"1/14 Z G(u,n3/4Xk/n). (4.10)

k<nt
By (3.21), C,,(-,u) — uL uniformly in probability for each fixed u. Monotonicity in u, a
finite mesh of [—R, R], and continuity of u s uL, imply

P
= sup |C,(t,u)—ulL, — 0. (4.11)
t<1,|u|<R

]

n,R
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Indeed a spatial mesh of width € bounds the displayed supremum by the largest error at its
finitely many mesh points plus eL,. We claim that for any C-tight continuous processes

Z

n’

t
sup |n~1/4 Z G(Z,(k/n),n /4Xk/ ) — / Z,(s)dL,/— 0 (4.12)
0

t<l k<nt

This statement permits complete dependence of Z, on the observed path. To prove it,
restrict first to |Z, |, < R and L; < K. On a deterministic time partition with mesh
at most 6, restrict further to the event that Z, oscillates by at most € within each block
(allowing an extra grid step). Freeze its value at each block’s left endpoint. Monotonicity of
G sandwiches the true block sum between frozen sums evaluated at the frozen value minus
and plus €. Formula (4.11), uniformly in the possibly random frozen value, identifies each
of those sums up to 26, .1 with that frozen value times the increment of L. The integral
of Z,, differs from its frozen counterpart by at most € times that increment of L. For a
partition with m blocks the total error, uniformly over terminal times, is therefore at most

2eK +2md, g,y + Cmn /14, (4.13)

The last term accounts for grid endpoints and a last partial block; |G| < 1. First send
n — oo at fized partition. C-tightness permits § | 0 so that the oscillation event has
arbitrarily high probability. Then send € | 0, and finally remove the bounds R, K using
tightness. This proves (4.12). Apply (4.12) to Z,, = U,,, whose C-tightness was proved in

the preceding stability argument. Homogeneity of the sign function gives exactly

n¥4D,, (t) = —2an~V* Y " G(U,(k/n),n**Xy,,) + O(n=1/4), (4.14)

k<nt

where the error is bounded uniformly by 2an=/*. Consequently

Lo (4.15)

n34D, + Qa/ U, (s)dL,
0

[e.o]

This is the required random-boundary feedback result; no independence or unproved sub-
stitution of a random threshold into a pointwise occupation limit is used. ]

Combining the exact decomposition with (4.15) gives

U (1) =Y, (t) — 2a /0 t U (s)dL, + R, (1),  |R,[|.. 25 0. (4.16)

For continuous y with y(0) = 0 and continuous nondecreasing ¢ with ¢(0) = 0, the unique

solution of

u(t) =y(t) — 2a/ u(s)dl, (4.17)

is the pathwise map

10
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S(y, 0)(t) = y(t) — 2ae20% / e2@sy(s)dl,. (4.18)
0

This follows directly by solving the finite-variation equation for u—y. Its operator norm in
y, for a fixed ¢, is at most 2, since 2ae 2% fot e?tadl, = 1—e~20% < 1. It is jointly contin-
uous for uniform convergence of y, £, with ¢ restricted to continuous nondecreasing paths:
the associated Stieltjes measures converge weakly and their total masses stay bounded.
Continuity of the limit integrands and partition approximation make the convergence
uniform in the upper endpoint.

Equation (4.16) therefore implies

[0, = 8(Vpy L)oo < 2[Ry ]loc — 0. (4.19)

The stable continuous-mapping theorem, (3.35), and joint convergence with the fixed base-
path variable L prove (2.4)—(2.5) for T'= ¢ = 1. The stochastic-integral representation of
the limit is

t
U, = 2aﬁ62aLt/ e?els 4By . (4.20)
O S

Conditioning on the original path and using the It isometry gives

t
Var(U, | X) = 4a?ce 4l / etelsdL = ac(l — e 4ale), (4.21)
0

The uniform moment bound (4.6), at any exponent strictly larger than 2, proves uni-
form integrability of U, (1)2. Hence convergence in distribution now legitimately yields
convergence of the second moments. This proves (2.6)-(2.8) in the normalised case.

If the original probability space has additional randomness, the stable statement extends
from the Brownian path sigma-field to the terminal sigma-field by conditional projection
of any bounded test variable onto the Brownian path: every prelimit error and the limiting
conditional law are functions of that path.

Set
X, =221 4= “\f, By = —0_ (4.22)
O’\/T g O’\/T
Then dX = —asgn(X)ds + dW,, its Euler grid is 1/n, and
~ LY (X ~ o~
LX) = Lrs(X) h=3/4( Xy, — Xh ) = oT- V434X, — X3/™). (4.23)

oVT '

Applying the normalised theorem and Brownian scaling on the independent extension
gives exactly (2.4)-(2.8), including the factor 732 in the n-normalised MSE.

11
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5. Explicit mean-square constant

Corollary 1 (Closed terminal constant). Let r = av/T/o and z = |x,|/(0V/T). With &

the standard normal distribution function, define
U(z, 1) = Bz —r) — 222D (—2z — 1) 4 342+ H(—z — 3r). (5.1)
The limit of n3/2E| X, — X2/ ? is
C(a,0,T,xy) = T acc[l — W(z,r)]. (5.2)
Proof. Tanaka’s formula gives
| X,| = |zo| —at + 0B, + Ly, (5.3)

where 8 = [ sgn(X)dW is a standard Brownian motion: the set {X = 0} has zero Lebesgue
time, by the occupation formula. The increasing process L only grows at zero. Uniqueness

of the one-dimensional Skorokhod reflection map therefore gives the distributional identity

i:2

Ly L o(My—d),, My=sup(B,+pus), p=afo, d=leglfo. (5.4

s<T

Reflection with drift yields, for m > 0,

P(My < m) = ® (m\_ﬁ’fT> — e2m (_m\/_f“T) . (5.5)

Put r = avT/o and z = |xy|/(oV/T). Integrating (5.5) against 4ue**'dl, with argument
m=d+ 1, gives

U(z,r) = Ee10l1/7" = ®(z —r) — 2e¥2®(—2z — 1) 4 3447 B(—z — 3r). (5.6)

This calculation includes the atom Ly = 0, since for any nonnegative V, Ee 9V =
qjéoo e"9P(V < 1)dl. To check the coefficients, integration by parts in the first CDF
term produces ®(z — 1) + e*#H4®(—z — 3r); the second produces 2e2"*®(—z — 1) —
264TZ+4T2(I)(—Z — 3r), which is subtracted. Thus the fully explicit constant for every deter-
mainistic starting point is

lim n%2E| Xy — X212 = T3acc[l — U (z,7)]. (5.7)
n—oo

In particular, for xy =0,

T32a0c[1 + ®(—r) — 34 B (—3r)). (5.8)
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6. Dry friction and time-step selection

In the pure dry-friction model [8], X is velocity, a is the magnitude of the frictional
acceleration, and o is the intensity of the random acceleration. Friction reverses direction
when velocity crosses zero. The theorem concerns this model with Gaussian white noise,
constant coefficients, no viscous drag and no additional constant force. It does not assert
a result for a deterministic sticking interval or for a model with a static-friction threshold.

For a fixed physical horizon T, the relevant simulation error is

RMSE(n) = (E| Xy — XL/"2)"? ~ VO n3/4, (6.1)

Thus a target terminal velocity tolerance € > 0 suggests

n,., = max{l1, [(C/e?)?/3]}, hayo =T/n

asy asy

(6.2)

asy*

For nested Brownian coupling it is convenient to round this number upward to a power
of two. This is a starting prescription, not a finite-mesh upper bound: the theorem gives
an asymptotic equivalent and does not supply a remainder estimate. The numerical check
must therefore compare the selected mesh with finer coupled references and record both

Monte Carlo uncertainty and reference sensitivity.

The local-time factor explains why this model needs a different error assessment from a
smooth restoring force. The leading error accumulates at zero velocity, while the inward
drift damps the already accumulated error through the same local time. The terminal
variance saturates at acc in the h~3/4 normalisation. This describes discretisation error
under the same driving noise; it is distinct from uncertainty in the physical forcing or in

estimated model parameters.

Algorithm 1 — Mesh selection for terminal velocity error

Inputs: a,0,1 > 0, deterministic initial velocity Ty, target RMS tolerance €, and a
Monte Carlo path budget M .

1. Evaluate C' from Corollary 1, using log-CDF expressions for exponential-tail prod-
ucts; for a small tail probability, evaluate the corresponding nonnegative Brownian-

maximum survival integral to avoid subtractive cancellation.

2. Form n,., and round upward to a dyadic mesh n.

Y
3. Couple the selected Euler mesh and two finer references with common Brownian

increments; save the paths and seeds once.

4. Report RMS error against each reference, sampling uncertainty and observed order

across available meshes.
5. Accept the mesh only to the extent supported by these diagnostics; refine if the

target or reference check is unresolved.

Cost: O(MN) operations for a fixed number of meshes and reference size IN; paths can

be streamed with CNJV) storage per worker. The present study reuses saved simulations.
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All reported experiments use T'=0 =1, y = 0, and a = 1 or a = 2. Each case has 8,192
independent paths, a 524,288-step Euler reference and a paired 262,144-step reference.
Brownian increments are nested; deterministic seeds are 771026 and 871026, incremented
by the path index. We reuse these saved paths and their established summary statistics.

The closed constants are C' = 0.1555105857 and C' = 0.3305605321. Independently of
Fuler simulation, the Fourier integral gives ¢ = 0.165869209312827, agreeing with the
zeta expression within 2 x 10713, An exact Gaussian arcsine calculation for Brownian
occupation gives a scaled error of 0.1323405203 at 2,048 intervals, approaching c\/2/7 =
0.1323444812. Three parameter sets check the local-time Laplace formula against integra-
tion of the Brownian-maximum distribution to absolute error below 3 x 10715,

The first table reports S, = n3/2[E\X§~V — X212, its Monte Carlo standard error, and the
observed RMS order between displayed meshes. Reference sensitivity is the signed change
in S,, when the finer reference replaces the coarser one. It is a diagnostic, not a bound on
reference bias. At the finest displayed mesh the scaled errors remain above their theoretical
limits, so these samples are not presented as a high-precision numerical confirmation of

the constants.

For the tolerance table, we apply Algorithm 1 to targets 0.002, 0.001 and 0.0005. The
intervals use the delta method for Monte Carlo uncertainty in RMS error; they do not
include reference bias. This distinction is material for the a = 2, 0.002 target, whose se-
lected mesh sits near the tolerance. As emphasized in [9], finite-grid reference experiments
measure a coupled approximation error, not error against an observed exact solution.

The borderline case also illustrates the refinement step: keeping a = 2 and the target 0.002,
the already available 4,096-step mesh gives RMS/target 0.581, with Monte Carlo interval
[0.572, 0.590]. This resolves the sampling comparison against the selected reference while

retaining the reference-bias qualification.

Euler error in the dry-friction model
8,192 paths per regime; reference N = 524,288; paired reference N/2

‘ a ‘ Steps n Scaled MSE MC s.e. RMS order Ref. change
1 1,024 0.165197 0.002645 - -0.000019
1 4,096 0.164648 0.002582 0.751 -0.000023
1 16,384 0.162210 0.002570 0.755 +0.001238
2 1,024 0.384899 0.005905 - +0.000256
2 4,096 0.354279 0.005704 0.780 +0.000059
2 16,384 0.339391 0.005403 0.765 +0.001361

Limits: a = 1: 0.155510586; a = 2: 0.330560532. RMS order uses successive displayed meshes.
Reference change is signed (N minus N/2); it does not bound the remaining reference bias.

Figure 1: Scaled terminal mean-square errors for the two dry-friction regimes, with Monte

Carlo standard errors, observed RMS orders and signed reference-grid changes.
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The observed order is p = 3/4 +log(S,, /S, )/[2log(ny/ny)]. The exact constants are
the limits of the scaled column; neither the standard error nor the reference change alone

accounts for all finite-mesh bias.

Selecting a mesh for a velocity-error tolerance
Dimensionless examples: sigma = T = 1, initial velocity = 0; same saved coupling experiment

‘ a ‘ RMS target Asymptotic n Dyadic n RMS / target 95% MC interval
1 0.0020 1,148 2,048 0.668 [0.658, 0.679]
1 0.0010 2,892 4,096 0.793 [0.780, 0.805]
1 0.0005 7,287 8,192 0.941 [0.926, 0.955]
2 0.0020 1,898 2,048 0.991 [0.976, 1.006]
2 0.0010 4,781 8,192 0.683 [0.673, 0.694]
2 0.0005 12,047 16,384 0.805 [0.792, 0.817]

Intervals describe Monte Carlo uncertainty in RMS/target; they exclude reference and model error.
The a = 2, target = 0.002 interval reaches 1: this target remains unresolved at the stated precision.

Figure 2: Asymptotic mesh choices and measured terminal RMS errors for three prescribed

tolerances in each dry-friction regime, using saved coupled paths.

An upper Monte Carlo endpoint below one supports the tolerance only relative to the
chosen numerical reference. An interval reaching one leaves the target unresolved at that

sampling precision; a finer reference is not an exact path.

7. Conclusion

For inward sign drift, Euler error has a local-time-driven Gaussian limit with local-time
damping. The bounded corrector identifies its universal constant, the shrinking-band
lemma handles the endogenous feedback, and moment bounds justify an exact mean-
square asymptotic. Reflection converts the remaining local-time expectation to normal
CDFs for any deterministic initial value.

The dry-friction application turns that constant into a mesh-selection rule and an explicit
accuracy check. The rule is asymptotic, and the supplied simulations preserve the distinc-
tion between Monte Carlo uncertainty, finite-grid effects and reference error. Extensions

to viscous friction, several discontinuities or adaptive meshes require additional analysis.
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