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1. Abstract

We price interest rate derivatives — caplets, floorlets, bond options, and swaptions
— under the Langevin-Zamrik (LZ) PDE model, using its representation as a Gaus-
sian Heath-Jarrow-Morton (HJM) model in forward-rate space. Since the LZ forward
rate is normally distributed (not lognormal), caplets are priced exactly as put options
on zero-coupon bonds — whose log-prices are Gaussian — giving a Black formula
on the lognormal bond price with variance 01%(70, 0). Swaptions use the Bache-
lier (normal) formula on the approximately-Gaussian swap rate. We derive closed-
form expressions for the bond option variance 0123(70, Tg), the HJM variance profile
Vir) = fOT [cHIM ()12 ds, and the swaption cross-covariance CiJ-(TO) in all three LZ
damping regimes and in 1IFHW. A key structural finding is that in the underdamped
regime the bond option volatility is non-monotone in bond tenor 7g — it can decrease
as tenor increases near resonance periods n7/w — a phenomenon impossible in any
Gaussian HIM model with positive ¢HIM, A unified LZ-HJM pricer algorithm com-
putes all instruments in a single pass.

2. Introduction

This paper is the third in the Langevin-Zamrik (LZ) series. Paper 1 [1] established
the affine bond pricing framework: the short-rate system

dr; = v, dt, mdv, = —yv,dt — k(r, — 0) dt + o dW, (2.1

admits an explicit bond price P (¢,T') = exp{A(7)+B1(7)r;+Bg(7)v;} where7 =T —¢
and the coefficient functions satisfy a linear ODE cascade. Paper 2 [2] lifted the LZ
model to forward-rate space: the forward rates satisfy a Musiela SPDE driven by
a single Brownian motion, the HIJM volatility function is cHM (1) = (o/m)By(7),
and no-arbitrage holds automatically. Paper 2 also showed that LZ is the inertial
generalization of the one-factor Hull-White (1IFHW) model: as inertia vanishes (m —
0), the LZ dynamics collapse to the 1IFHW short-rate SDE.
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The natural question left open by Paper 2 is: what does the LZ HJM volatility struc-
ture imply for the prices of standard interest rate derivatives? Paper 2 identified the
volatility function; this paper computes its integral consequences.

Contribution 1. Market caplets and floorlets are priced exactly as bond options
(Theorem 3.1). Since logP(T,T + 0) is Gaussian in the LZ model, the bond option
formula (Black formula on lognormal bond prices) is exact. The HJM variance profile
Vir) = f OT [cHIM ()12 ds is derived in closed form in all three LZ regimes (Theorems
3.3-3.6).

Contribution 2. We derive a closed-form expression for the bond option variance
0'12,(7'0, Tg) in all three LZ regimes (Theorems 4.3—4.5). The central formula is o2 =
(02/m?2) fOT °[By(r+7 s)—Bo (1) 12 dr, which reduces to single known integrals in each
regime. In the underdamped case the bond vol is non-monotone in tenor (Corollary
4.8) — a structural prediction with no analogue in 1IFHW.

Contribution 3. Swaptions are priced using the Bachelier (normal) formula on the
approximately-Gaussian swap rate (Theorem 5.2). The swap rate is normally dis-
tributed as a linear combination of Gaussian forward rates — not lognormal as in the
BGM framework. Closed-form cross-covariance integrals Cij(’TO) are derived for all
four models in Theorems 5.3-5.6.

Contribution 4. We establish the systematic comparison between LZ and 1IFHW as
Gaussian HJM models. All pricing differences are traced to a single structural gap:
the inertial delay O'II:IiIM(O) = (0 versus o-I}{I%VM(O) =0 >0.

Contribution 5. We identify the underdamped implied vol signature: oscillatory

caplet vol and non-monotone swaption vol surfaces that no Gaussian HJM model with

HJM

positive o can replicate.

The paper is structured as follows. Section 2 sets up both models in HJM forward-rate
form and states the structural comparison. Sections 3-5 derive the closed-form pricing
formulas for caplets, bond options, and swaptions respectively. Section 6 presents the
unified algorithm. Section 7 gives numerical examples for all four models.

3. Models in Forward-Rate Form

3.1 The Langevin-Zamrik Model

The LZ model [1] is the second-order short-rate system:

Definition 3.1 (LZ Dynamics). The risk-neutral short-rate process satisfies
dry; = v, dt, mdv, = —yv,dt — k(r, — 0) dt + o dW, (3.1

with parameters m > 0 (inertia), v > 0 (damping), x > 0 (mean reversion), 0>0
(long-run mean), o > 0 (volatility), and a standard Q-Brownian motion W,. The state
vector is (r;,v;).

The characteristic polynomial of the drift matrix is A2 + (y/m)A + k/m = 0, with



Forward Rate Derivatives Pricing under the Langevin-Zamrik P... Dr. T Zamrik

discriminant A = 2 — 4m«. Three damping regimes arise: overdamped (A > 0),
critically damped (A = 0), underdamped (A < 0).

Paper 2 [2] established that LZ is a single-factor Gaussian HJM model. The HJM
volatility function is:

Theorem 3.2 (LZ HJM Volatility, [2). /] The instantaneous forward rate f (t,T) =
—dplogP(t,T) satisfies df (¢t,T) = a'IM(7) dt + cHIM(7) dW, where 7 = T — t and

oM (r) = = By (1) (3.2)

The no-arbitrage drift is a' M (1) = sHIM (1) fOT cHIM () ds. The function By (7) is
the derivative of the bond-price coefficient B (T), given in the three regimes by:

Regime O'II:IiI M(7)
—R2T _ pTH1T
Overdamped ze ¢
m 1T M2

Critically damped % Te M7
e~ 27 sin(wT)

Underdamped Z
m 1)

where y 9 = (v + \/Z)/(2m) (overdamped), u = v/ (2m) (critical), a = v/ (2m) and
w = V—A/(2m) (underdamped).

The B_2(x) functions themselves are:

Proposition 3.3 (B Closed Forms). The bond-price coefficient By (T) satisfies:

1 1—e #2T 1 _—e H17 1—e*T (14 pu7)
B3 (1) = s [ P — ] ,  B(m) = pE
1—e %7 (cos w7 + £ sinwT)
Byl(7) = Tl 33

with By (0) = 0 and By (7) = 1/(a? + w?) as 7 — oo in the underdamped case.

3.2 One-Factor Hull-White as a Gaussian HJM Model

The correct benchmark is the 1IFHW model in HJM form — not in short-rate form.
This places both models on identical footing as single-driver Gaussian HJM models.

Definition 3.4 (1IFHW HJM Form). The one-factor Hull-White model is fully specified
by its HIM volatility:

O'I}{I%VM(T) =ge 97, 7>0 (3.4)

with mean reversion a > 0 and volatility o > 0. The no-arbitrage drift is el (1) =

(c2/a) e 27 (1—e~27). The 1IFHW bond-price coefficient is Bpw(7) = —(1—-e797)/a.
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3.3 The Structural Comparison

The two models share the same mathematical structure (single-driver Gaussian HJM)
but differ in one fundamental way:

Remark 3.5 (Inertial Delay). In the 1IFHW model GE%VM(O) = o > 0: a Brown-
ian shock instantly displaces the spot rate and all forward rates. In the LZ model
oM (0) = B, (0)(o/m) = 0 in every damping regime, because B/, (0) = 0 follows
from B, (0) = 0 and the initial conditions of the ODE cascade. The spotrater; = f (¢,t)
has zero instantaneous volatility — it is momentarily rigid — and the shock propa-
gates outward along the maturity axis. The LZ volatility rises from zero, peaks at
7% = arctan(w/a)/w (underdamped) or 7* = 1/u (critically damped), then decays.
The 1FHW volatility is maximal at 7 = 0 and strictly decreasing. This is the inertial
delay in the volatility domain. It is the source of all pricing differences between the

two models.

HJM Volatility Function — LZ vs 1FHW

— 1FHW
== LZ overdamped
LZ critical
* LZ underdamped
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Figure 1: HJM volatility functions for 1IFHW (black, solid), LZ overdamped (blue,
dashed), LZ critically damped (orange, dash-dot), and LZ underdamped (purple, dot-
ted). Parameters: o = 0.02, m = 1; LZ overdamped v = 1.5, x = 0.5; LZ critical
v = 1.0, k = 0.25; LZ underdamped v = 0.5, k = 0.5; 1IFHW a = 0.5.

4. Caplet and Floorlet Pricing

4.1 Market Caplets as Bond Options

A market caplet resets at T' and pays at T + 6 the amount 6 max(L(T') — K, 0), where
L(T) = (1/8) (1/P(T,T + ) —1) is the simply-compounded LIBOR rate. The forward
ratef (T,T) = rp is Gaussian in the LZ model — normally distributed, not lognormal.
The LIBOR rate L(T) is a nonlinear function of the Gaussian state and is also not
lognormal. However, the caplet admits an exact algebraic reduction to a bond put

option.
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Theorem 4.1 (Caplet / Floorlet as Bond Options). In any affine Gaussian term struc-

ture model:
0max(L(T) —K,0) = (1+ K) max(K* — P(T,T + 0), 0), K* = L 4.1)
1+ 6K
Therefore the caplet price at time t is exactly:
Caplet(¢,T,5,K) = (1+ 6K) -Put(¢t,T,T + 0,K*) (4.2)

where Put(t,T,T + 6,K*) is the bond put price from Theorem 4.1 with T0o =T —1t,
T = S, and bond variance 0}%(70, 0) from Theorems 4.4—4.7. The floorlet is priced
analogously as a bond call. Proof. Since L(T) = (1/0)(1/P(T,T + 6) — 1), we
have SL(T) = 1/P(T,T + 6) — 1, so §(L(T) —K) = 1/P(T,T + 6) — (1 + 6K) =
(1+0K)(1/(14 6K) —P(T, T+ 8))/P(T,T + ) -P(T, T + ). Multiplying through:
omax(L(T) —K,0) = (1 + 0K) max(K* — P(T,T + 6),0). Since logP(T,T + §) =
A(8) +B1(8)rp + By (8) vy is a linear combination of the Gaussian state, P(T,T + §)
is lognormal. The bond put formula (Theorem 4.1) therefore applies exactly. Remark.
The key step is that the bond price P(T,T + 0) is lognormal (log of an affine function
of a Gaussian vector), even though the forward rate ro = f(T,T) is only normally
distributed. The lognormal structure of P is what allows the Black formula to apply —
but it applies to the bond, not to the forward rate directly.

4.2 The HJM Variance Profile

The bond variance 0'123 (79, ©) appearing in the caplet formula involves a single integral
over [0,7g] of [By (r+ 0) —By (r)]2. For small cap period &, this simplifies via By (r +
8) — Ba(r) =~ OBY(r) to o ~ 82V (7q) where V(rg) = [, °[c"™M(s)]2ds. The
quantity V (7) therefore characterises the HJM variance accumulated up to maturity
7. It enters the swaption formula directly (Section 5) and defines the long-run vol
profile of the model. We derive V (7) in closed form for all four models.

4.3 Accumulated Variance — 1IFHW

Theorem 4.2 (1IFHW Accumulated Variance). For the IFHW model with parameters
(a,0):

0-2 —2aT
Vaw (1) = % (1—e ) 4.3)

Vuw (7) is monotone increasing, bounded by o2/ (2a), with slope o2 at T = 0. Proof.
Direct integration: fOT o2e~2as dg = [02e_2as/(—2a)]6 = g2(1—e"2a7)/(2a).

4.4 Accumulated Variance — LZ Overdamped

Theorem 4.3 (LZ Overdamped Accumulated Variance). Let ¢ = o/[m(uq — o).
Then:

Voq(7) = 52 (4.4)

1 — e~ 22T N 1 —e2M17 _ 2(1 — e~ (B1tH2)T) ]
2o 2441 M1+ pg
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Proof. Expand [cfM ()12 = 52(e™H2% — e7H15)2 = 52 (e72H28 — e~ (M1tH2)s |
e~2115)  Integrate term by term.

4.5 Accumulated Variance — LZ Critically Damped

Theorem 4.4 (LZ Critically Damped Accumulated Variance). With u = v/ (2m):

o2 1—e 2M7(1 4 2u7 + 2u272)

Vcd(T) = m . 4;"“3

(4.5)

Proof. We need fOT s2e™21S ds. Apply integration by parts twice: fOT sZe72Ms dg =
[—sze_z'“s/(Z,u)]g+ (1/p) fOTse_2'“s ds. The inner integral evaluates to (1—e™ 27 (1+
2uT))/ (4/L2). Combining gives the result.

4.6 Accumulated Variance — LZ Underdamped

Theorem 4.5 (LZ Underdamped Accumulated Variance). With @ = y/(2m), o =
V=A/(2m):

o2 1—e2a7 =227 (2¢ cos 20T + 2w sin 20T — 2a
Vud('T) = ( )

— 4.6
2m2w? 2a 4(a? + w?) ] (4.6)

Proof. Write [aE&IM ()12 = (62/m2w?)e—2as sin® ws = (02/2m2w?)e245 (1—cos 2ws).
Integrate fOT e~2asds = (1—e~227)/(2a). For fOT e~2as cos 2ws ds, use the antideriva-
tive 225 (—2q cos 2ws + 2w sin 2ws) [ (422 + 4w?2) and evaluate at s = 0, 7.

4.7 HJM Variance Profile Comparison

The quantity \/V(T) /7 is the root-mean-square HJM volatility over [0, 7]. For small
cap period 9§, the caplet bond vol satisfies op (7o, 3)/(5%) = ‘/V(TO)/TO, so this

profile characterises how the caplet vol level scales with expiry at any cap period.

Corollary 4.6 (HJM Variance Profile). The profile \/V(’T) /T satisfies:

Model Behaviour of \/V(T) ks
1IFHW value o at T = 0; strictly decreasing
LZ overdamped value 0 at T = 0; rises to a hump, then decreases

LZ critically damped value 0 at 7 = 0; rises to a hump, then decreases

LZ underdamped value 0 at T = 0; non-monotone with oscillations

The inertial delay O'I}JIQJM (0) = 0 forces V(1) = O(73) as T — 0%, so the profile starts
at zero in all LZ regimes. The 1IFHW profile starts at o because Vi (T) — o2T.
Proof. For LZ: cH5M(7) = O(t) as 7 —» 0%, so V(7) = fOTO(sz) ds = O(73), giving

\’V(T)/T =O0(7) » 0. For IFHW:V (7) > o271, so \,V(T)/'T - 0.
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Caplet Implied Volatility Term Structure — LZ vs 1FHW

— 1FHW
— = LZ overdamped
LZ critical
* LZ underdamped

Implied caplet vol Gimpi(T) (%/yr)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Caplet maturity T (years)

Figure 2: HJM variance rate profile {V (7)/7 for all four models. In the small-cap-
period limit this equals op (7, 8)/(8,/Tg) — the caplet bond vol scaled by 6. All LZ
profiles start at zero (inertial delay); the 1IFHW profile starts at . Same parameters
as Figure 1.

5. Bond Option Pricing

A bond call option gives the right to purchase a zero-coupon bond P(T,S) at time T
for strike K. In a Gaussian HJM model, log P(T,S) is normal, and the option price is
a Black formula.

5.1 General Gaussian Bond Option Formula

Theorem 5.1 (Bond Option Price). In any Gaussian HJM model, the bond call price
att <T < Sis:

CT,S,K)=PtS) ®(d,) —KP@tT)P(d_) (5.1)

log[P(¢,S)/(KP(t,T))] + 202
di _ Og[ ( )/( 0_( ))] 2O-P’ 0'123=Vart[10gP(T,S)] (52)
P
The put price is Put = KP(t,T) ®(-d_) — P(t,S) ®(—d,). Proof. In the LZ (and

any affine Gaussian HJM) model, the log bond price is affine in the state:

logP(T,S) = A(T,S) + B1(7g) rp + Ba(7g) vy

where A(T,S) is deterministic and 7g =S —T. Since (rp,vp) is jointly Gaussian un-
der the risk-neutral measure @ (the SDE (1)—(2) is linear with additive noise), any lin-
ear combination of (rp,vr) is Gaussian. Hence log P(T,S) is Gaussian, so P(T,S) is
lognormal under Q. To price under the forward measure QT with numeraire P(t,T),
we note that P(T,S)/P(t,S) is a QT-martingale. Under QT, logP(T,S) remains



Forward Rate Derivatives Pricing under the Langevin-Zamrik P... Dr. T Zamrik

Gaussian with variance 0'123 = Var,[log P(T,S)] (the drift shifts but the variance is
unchanged). The call price is:

Ct,T,S,K)=Pt,T)EQ [max(P(T,S) —K,0)]

Integrating the lognormal density gives the Black formula (9).

Remark 5.2 (Gaussian rates, lognormal bonds: a consistency note). The LZ model
has Gaussian forward rates (the HJIM dynamics are linear with additive Brownian
noise), so the short rate r; and every forward rate f (T,u) are normally distributed.
One might expect Bachelier (normal) pricing throughout. However, bond prices are
lognormal: log P(T,S) is Gaussian because it is an affine function of the Gaussian
state (rp,vp), so P(T,S) = eGaussian j5 Joonormal. These two facts coexist: - In-
struments written on bond prices (bond options, LIBOR caplets via the bond-put
identity): the underlying P (T, S) is lognormal = Black formula is exact. - Instru-
ments written on swap rates (swaptions): the swap rate is a ratio of sums of log-
normal bond prices — not exactly Gaussian, not exactly lognormal. Under the linear
swap rate approximation (Section 5.2) it is approximately Gaussian = Bachelier
(normal) formula is an approximation. The approximation is standard for all
multi-factor Gaussian HJM models and is typically accurate to within 1-3 bp. The
Black formula for bond options is exact in both the LZ and the 1IFHW models — it
is not specific to HW. What differs between the two models is the bond variance for-
mula o-l%, not the pricing formula structure. For swaptions, the 1IFHW model admits
an additional exact formula via Jamshidian decomposition (exploiting the 1-factor
monotonicity); the 2-factor LZ model does not. In this paper we use the Bachelier
approximation for swaptions uniformly across all four models to ensure a consistent
comparison.

5.2 Bond Price Variance via HJM

Theorem 5.3 (Bond Price Variance Formula). In a Gaussian HJM model with volatil-

HIM (),

ity o the bond price variance accumulated over [t,T] is:

2
02 (7, 7g) = IOTO UOTS HIM (- 4 x) dx] dr, 79=T—t, 7¢=S—-T (5.3

Proof. The log bond price is logP(T,S) = — fff(T, u) du. Under the HJM dynam-

ics df (¢,u) = e M(y —t) dt + oM (y — ¢) dW,, the stochastic part of logP(T,S) —

logP(¢,S) is — fﬁ ftT cHIM (1, _g) dW,du. By the stochastic Fubini theorem this equals
2

- ftT[fﬁ cHIM (1, — ) du] dW,. By the It6 isometry 0'123 = ftT[fﬁ cHIM (1, — ) du] ds.

The change of variablesr = s —t, x = u — T gives equation (11).

For the LZ model, since cH39M (7) = (a/m)B’2 (7) and f(;rs B'2 (r+x)dx =By(r+7g) —
By (r), equation (11) immediately reduces to:
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Corollary 5.4 (LZ Central Bond Variance Formula). Under the LZ model:

2LZ(’TO,’TS) =3 J' [Bo(r+7g) —Bz(r)]zdr (5.4)

This is the master formula for LZ bond options. Its explicit evaluation in each regime
is given in Theorems 4.4-4.6.

5.3 Bond Variance — 1FHW

Theorem 5.5 (1IFHW Bond Variance). For the IFHW model with By (7) = —(1 —
e 7)) a:
2 —aTg\2
2 JHW g (1—e™"5)
(TO) rTS) - 2a3
Proof. We have By (r+7g) —Bpw (r) = —(e7%"[a) (1—e~%7S). Substituting into (12):
op ™ = (02/a?) (1—e )2 [[* e dr = (a2(1—e7"75)2/ (22%)) (1 —e™2470).

(1 —e2a70) (5.5)

The key observation: o3’ 2HW factorises as f(7g) xg(7g). In particular, d, 0']_% AW _

202(1 —e7978)e"*7Sg(1¢) /a® > 0: the IFHW bond variance is strictly increasing
in both arguments.

5.4 Bond Variance — LZ Overdamped

Theorem 5.6 (LZ Overdamped Bond Variance). Let 6 = o/[m(u1 — pg) 1, ¢ = (1 —
e HETS) [y, for k = 1,2, and Iy = (1 —e” HrHHOT0) [ (uy + ;). Then:

2
leg’LZ’Od(To,Ts) =a [ (1 _2M270) —Cl (1 _6—2,(1,17'0) —20102112] (56)

21

Proof. The overdamped By difference is: B%d (r+7g) — B%d (r) = = Mz [cge 2"
c1e M1"]. Squaring and integrating: fOTO [coe P2 —cie H1712dr = 02(1 e_2'“‘270)/(2,u2)+
3 (1 —e2M170) [ (2u1) — 2c1colq.

5.5 Bond Variance — LZ Critically Damped

Theorem 5.7 (LZ Critically Damped Bond Variance). Definegg = 1— (1+u7rg)e #7s
and hg = 1 — e M7S. Define the integrals:

. i) SESE 270 _roe~2uT0 7, = 1= 270 oo (T8, To
o 4u2 2u 4u3 2u " 22
Then: 9
o
a%’LZ’Cd(To, TS) = m2u4 (88 T 0 +2g5phs T1 + p?hE T 5] (5.7)

Proof. The critically damped B difference factors as B%d (r+7g) —B%d (r) = M u?) (gs+
whgr). Squaring (e_2/”/,u4) (8% +2gguhgr+u2h%r?). The three standard integrals
fOTO e 21T dr, f e 21T qr, fTO 207217 dr give T, T 1, T o by integration by parts.
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5.6 Bond Variance — LZ Underdamped

Theorem 5.8 (LZ Underdamped Bond Variance). Let D = a®+w?, Pg = 1—e~%"S cos wTg,
Qs =e “"Ssinwtg, Ag = Pg + Qga/w, Bg = Pga/w — Qg. Define:

1 _ e—Z(Z’TO
To = 2a
g - @ —e 2970 (g cos 20Ty — wsin 2wTg) 7 - w —e 2970 (g sin 20Ty + wcos2wTg)
c = 2D > s 2D
Then
2 [AZ +B% AZ - B2
o
O'%,’Lz’ud('To,'Ts) = m2D2 [ S 5 S 90 + i 5 S 7(; +ASBS gs:l (5.8)

Proof. The underdamped B, difference is B‘z1d (r+7g) —B‘21d (r) = (e7%"|D)[Ag cos wr+
Bg sin wr] (derived by expanding Bo (r+7g) using the addition formulas and collecting
cosine and sine terms). Squaring and using cosZ wr = (1 + cos 2wr) /2, sin® wr = (1-
cos 2wr) /2, sin wr cos wr = sin 2wr |2 gives integrands e~2%" (1, cos 2wr, sin 2wr). The
three integrals 7 o, 7 ., I s are computed using standard antiderivatives of e=2%" cos 2wr
and e~2%7 gin 2ewr-.

5.7 Non-Monotonicity in the Underdamped Regime

Corollary 5.9 (Non-Monotone Bond Vol). In the underdamped LZ regime, al%,’LZ’ud (709, Tg)

is non-monotone in Tg. Specifically, when wTg = 2nw for integer n > 1, we have
By (r+ 7g) = By(r) forall r, so op = 0 (near-zero bond option variance at resonance
tenors). Proof. At 7g = 2n7w/w: Pg = 1 — e 2nTa|® o5 (2n7r) = 1 — e 2n7Talw 5
but small for large n; Qg = e~ 2"7%/® sin(2n7) = 0. Thus Ag = Pg and Bg = Pga/w,
with A% +BZ% = P%(l + a?/w?) = PgD/wz. For large n, Pg = 0 and op ~ 0. Between
resonance tenors the variance is positive. Remark 4.9. This phenomenon is struc-
turally impossible in any Gaussian HIM model where 3 M (1) > 0 for all 7 > 0. In
such models B(r+7g) —B(r) has a definite sign and is bounded away from zero for all
7g > 0. The LZ underdamped regime is exceptional precisely because O'EgM changes

sign — the bond’s net exposure to the Brownian driver cancels at resonance maturities.

10
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Bond Option Volatility vs Tenor — 179 =2 yr, LZ vs 1IFHW

10 { = 1FHW
== |7 overdamped
LZ critical
8 = LZ underdamped
64 00000 Aeeeell,

N - ————————
- LssmmEsEEEEREERIISaEa.
- . aamner
..............

Bond option vol op(To = 2, Ts) (%)

6 8 10 12 14
Bond tenor 15 (years)

Figure 3: Bond option volatility op(7y = 2,7g) = \/0'_120 as a function of bond tenor 7g,
for all four models. The 1IFHW, LZ overdamped, and LZ critical curves are monotone
increasing. The LZ underdamped curve (purple dotted) is non-monotone, with local
minima near resonance periods 27 /w ~ 4.75 yr.

6. Swaption Pricing

6.1 Setup

A payer swaption expiring at Ty on a swap with payment dates T; < --- < T, and year
fractions 8; = T; — T;_q pays at Ty:

Definition 6.1 (Payer Swaption). The payer swaption payoff is:
Payer(Ty) = Annuity(T) - max(S(Ty) — K, 0) (6.1)

where S(Ty) = [P(Ty,Ty) — P(Ty,T,)1/ Z:;l 0;P(Ty,T;) is the par swap rate and
Annuity(To) = Y, 8,P(To, T}).

6.2 Gaussian Swap Rate Approximation

The swap rate S(Ty) = [P(Ty,Ty) — P(Ty,T,,)1/ Zi 8;P(T,,T;) is a ratio of sums
of lognormal bond prices. It is neither Gaussian nor lognormal — there is no known
closed-form density for S (7)) in a multi-factor Gaussian HJM model. An exact swap-
tion price requires integrating the payoff against the joint distribution of (rryvTy),
which is 2D Gaussian with closed-form mean and covariance. This 2D quadrature is
efficient but not a simple formula.

The standard approach — used here and in all Gaussian HJM literature including the
G2++ model of Brigo-Mercurio [8] — replaces the exact ratio with a first-order Taylor
expansion around today’s forward rates.

11
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Assumption 6.2 (Linear Swap Rate Approximation). The swap rate is approximated
by:

S(To) = So+ Y w;lf (T, Ty) —f &, Ty)]
i=1

where Sg = [P(¢,Ty) — P(t,T,)]/Annuity(¢) is the current forward swap rate and
w; = —06;P(t,T;) /Annuity (¢) are the annuity-weighted sensitivities, treated as deter-
ministic (frozen at ¢).

T
Under Assumption 5.1 the increments f (T, T;) — f (¢, T;) = ft 0 (THJM(Ti —s)dW,
are Gaussian in any Gaussian HJM model, so S(T) becomes a linear combination of
Gaussians — exactly Gaussian under the approximation.

Theorem 6.3 (Swaption Price — Bachelier Approximation). Under Assumption 5.1,
the linearised swap rate S(T() is normally distributed. The payer swaption price is
the Bachelier (normal) formula:

Payer(t) = Annuity(¢) - [(Sog—K) ®(d) + Eswapmgo(d)], d= So — K

= ——= (6.2)
2swap\/'T_O

n
Z w;w; Cy(19),  Cy(To) = foo oM (7, —u) cHIM(7,—u) du (6.3)
ij=1

ngap = 7__10
where 7; = T; —t, w; = — ;P (t,T;) | Annuity(¢), S is the current forward swap rate,
and ¢ is the standard normal density. Proof. Linearise S(T() ~ SO+ZL- w;[f(Ty,T;)—
f@&,T,)]. Each increment f(Ty,T;) —f(¢,T;) = tTO O'HJM(Ti —s)dW, is Gaussian;
their weighted sum Zi w; Of; is Gaussian with variance ZiJ w;w;C;;i(Tg). Under the
forward swap measure S(T) is therefore N (S, ngapTO), and integrating the nor-
mal density against the call payoff max(S — K, 0) yields the Bachelier formula.

Remark 6.4 (Approximation quality and why Fourier machinery is not needed). (i)
Accuracy. The linear swap rate approximation introduces an error because the frozen
weights w; are stochastic in the exact model. Empirically the error is 1-3 bp for at-
the-money swaptions and grows for deep in- or out-of-the-money strikes. This level of
accuracy is standard and accepted throughout the Gaussian HJM literature [8].

(ii) Black-76 vs Bachelier. Black-76 prices swaptions by treating the swap rate as log-
normal — this is the BGM/LMM assumption. In a Gaussian HJM model the forward
rates are normally distributed, so Black-76 applied directly to the swap rate is the-
oretically inconsistent. The Bachelier formula is the correct formula for a normally
distributed underlying. It is used here for all four models (LZ and 1IFHW) to ensure
a consistent comparison.

(iii) Jamshidian exact formula for IFHW. For the 1-factor Hull-White model, Jamshid-
ian (1989) provides an exact swaption formula by decomposing the payer swaption into
a portfolio of bond puts, exploiting the fact that the bond price is a monotone decreas-
ing function of the single state variable Ty This decomposition does not extend to

12



Forward Rate Derivatives Pricing under the Langevin-Zamrik P... Dr. T Zamrik

the 2-factor LZ model: the payoff boundary {(r,v) : S(Ty;r,v) = K} is a curve in R2,
not a threshold, so no monotone decomposition exists. We therefore use the Bache-
lier approximation for IFHW as well, to maintain a uniform comparison framework
across all four models.

(iv) No Fourier inversion needed. Fourier-based methods (characteristic function in-
version, Lewis formula, Gil-Pelaez) are necessary when the payoff’s underlying has
no closed-form density — for example in jump-diffusion or stochastic-volatility mod-
els. In the LZ model the joint density of (rTO, vTO) is explicitly multivariate Gaus-
sian, with mean and covariance computable in closed form from the linear SDE. An
exact swaption price is therefore a 2D Gaussian integral, efficiently evaluated by 20-
point Gauss-Hermite quadrature — no characteristic function inversion needed. The
Bachelier approximation goes one step further, making S (T';) explicitly Gaussian and
avoiding even this quadrature.

The key quantity is the matrix of cross-covariance integrals C;;(79). We compute
these in closed form for all four models.

6.3 Cross-Covariance — 1FHW

Theorem 6.5 (1IFHW Cross-Covariance). For the IFHW model:

HW o2 —a(T;+7;) , 2
Cij (79) = e T (e22T0 — 1) (6.4)

2a

Proof. Ci}}W = g2 i*T)) fOTO e2at gy = 2~ (TitT)) (€220 —1)/(2a). Remark.

The 1FHW cross-covariance factorises: CH = h(T; )h(T ) - 8(7qg) with h(1) = e 97,

This rank-1 structure means the swaption variance simplifies to Eswap [Z w;h(7;)] g(TO) [Tos
a geometric series. The LZ analogues do not factorise.

6.4 Cross-Covariance — LZ Overdamped
Theorem 6.6 (LZ Overdamped Cross-Covariance). With ¢ = o/[m(u1 — p2)1:

e P2 (TitT) (21270 _ 1) o H1(TitT)) (p20170 _ 1)

2o 2441
(e(,U~1+//«2)To -1 (e_MQTi_ﬂl e H1Ti=H2T; 7Y ]

M1+ o

Co¥(7¢) = 5—2[

(6.5)

Proof. Expand O'HJM(T —u) O'HJM(T —u) = 52 (e M2 (TimW) _p=H1(Timt)y (p7H fro(Ty=w) _
e (T~ ). This yields four exponential terms; integrating each from 0 to 7y gives the
four terms in (22).

13
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6.5 Cross-Covariance — LZ Critically Damped
Theorem 6.7 (LZ Critically Damped Cross-Covariance). Define F o = (e2H#70_1) [ (2p),
P = TOeZ/”O/(2,u) — (e2M170 — 1)/(4u?), and Fo = T(Q)ezf‘TO/(Z,u) — F1/p. Then:

2
Cf]d(TO) = %e_ﬂ(7i+7j) [TiTj ?0 _ (Ti + q-j) ?1 + yz] (6.6)

Proof. agiJM(Ti — u)O'(I;fiJM(Tj —u) = (62/m?2) (7 —uw) (1 — u)e_”(7i+7f_2u). Factor
out e M Tt qnd expand the polynomial (7; — u) (1j—uw) =7,7— (T, + T))u + u?.
Integrate fOTO e du = ¥, fOTO ue?duy = 94, fOTO u2e? du = ¥, by standard

integration by parts.

6.6 Cross-Covariance — LZ Underdamped

Theorem 6.8 (LZ Underdamped Cross-Covariance). Define:

2aT

e“®’0 —1

Hog=——F—
2a

€270 (@ cos 20T + w sin 2wTy) — a e?%70 (@ sin 207 — w c0s 207¢) + ®
'%C‘ = 2D ’ '%s = 2D
Then:

2
d _ o —a(7;+7;) i

CL_U} (7-0) = me J [COSC&)('TZ' - ’TJ) %0 - COSCU(’Ti + 7-]) %c - Slnw(Ti + T]) %S]

6.7)
Proof. Use JII:I&JM(T) = (o/mw)e”*7 sinwT and the product formula sinAsinB =
[cos(A—B)—cos(A+B)]/2: JE&IM(TL-—LL)O'II;I&JM(TJ-—LL) = (0'2/2m2w2)e_a(7i+71_2u) [cosw(T;—
7;) — cosw(T; + 7; — 2u)]. For the first term: cosw(T; — 7;) is constant in u, and
f(’)fo e dy = H,. For the second term: expand cosw(7; + 7, — 2u) = cosw(T; +
7;) €08 2wu+sin w (7;+7;) sin 2wu and use fOTO e22U cos 2wu du = I, fOTO e2% gin 2wu du =

%,

Remark 6.9. The cos w (7; + ;) and sinw (7; + 7;) terms in C}}d are absent in all other
models. They produce swaption variances that oscillate as a function of payment-date
sums — the underdamped signature in swaption space.

14
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Swaption Bachelier Vol vs Tenor — To =2 yr, LZ vs 1IFHW

- [y —e— 1FHW
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Figure 4: Swaption implied volatility ESWap as a function of swap tenor (annual pay-
ments, Ty = 2 yr) for all four models. Equal-weight sensitivities. All LZ curves lie
below 1IFHW at short tenors (inertial delay); the LZ underdamped curve (purple dot-
ted) is non-monotone due to oscillatory cross-covariances.

7. The Unified LZ-HJM Pricer

Input: Model type {HW, LZ-od, LZ-cd, LZ-ud}
Parameters (m, , , , ) or (a, ) for HW
Option type {caplet, bond-option, swaption}
Tenors (caplet) or (, _S) (bond) or (, T.,,T, weights w) (swap)

Strike K, current state (r, v)

Step 1: Compute regime parameters

If LZ: compute A = ? - 4m

If A > 0 (overdamped): = JA(+)/(2m), = vA(-)/(2m)
If A = 0 (critically damped): = /(2m)
If A < 0 (underdamped): = /(2m), = vA(-)/(2m)

Step 2: Compute bond prices P(t, T) via affine formula
B () + closed form (Proposition 2.1)

IB () = “{} B(s) ds ¢+ closed form or numerical
B (O = (/m) IB () -
A O = -(/m) IB O + (?/2m?) B (32

P(t, T) = exp{A O + B (O r+ B (O v}

Step 3: Dispatch on option type
If caplet:
V() ¢« Theorem 3.2 / 3.3 / 3.4 / 3.5
d+ = (log(F/K) £ V/2) / vV where F = f(t, t+)
Price = P(t,T) [F #(d) - K &(d)]
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If bond-option:
_P> (, _S8) + Theorem 4.4 / 4.5 / 4.6 / 4.7
d+ = (log[P(t,8)/(X P(t,T))] =+ _P*/2) / _P
Price = P(t,S) ¢(d) - K P(t,T) &(d)

If swaption:
For all pairs (i, j): C () « Theorem 5.3 / 5.4 / 5.5 / 5.6

r2 = (1/) £ w w C
S =(P(t,T) - P(t,T)) /£ P(,T)
Price = Annuity(t) x Bachelier(S, K, v ) + normal approx

Output: Option price, implied vol, bond prices

Remark 7.1 (Complexity). All intermediate quantities are closed-form exponentials
and trigonometric functions — no ODE integration, no numerical quadrature. For a
swap with n payment dates the swaption computation requires O (n?) evaluations of
the CL-J- formula. Each evaluation is O(1). The total complexity is O (n?2).

8. Numerical Comparison

We fix 0 = 0.02, m = 1, @ = 0.04 across all models. Parameters are chosen so that
the LZ decay rates match or are comparable to the IFHW mean reversion ¢ = 0.5.
LZ overdamped: v = 1.5,k = 0.5, giving u1 = 1.0, ug = 0.5 — the slow eigenvalue
Mo = apw ensures identical long-run decay. Critically damped: v = 1.0,x = 0.25,
w = 0.5. Underdamped: y = 0.5,k = 0.5, « = 0.25, o = V1.75/2 ~ 0.661. The IFHW
benchmark uses ¢ = 0.5, same o.

Caplet vol (Figure 2). The 1IFHW caplet vol starts at ¢ = 2% and decreases mono-
tonically to zero. All LZ curves start at zero, rise to a hump (the inertial delay), then
fall. The underdamped curve is non-monotone with oscillations decaying as 7 — .

Bond option vol (Figure 3). With 7, = 2 years fixed and 7g varying from 0 to 15
years, the 1IFHW vol (13) is monotone increasing and saturates. The LZ overdamped
and critical curves are also monotone increasing but grow more slowly at short tenors
(inertial delay). The LZ underdamped curve is non-monotone: it rises initially, then
dips near the first resonance period 277 /w =~ 4.75 years, consistent with Corollary 4.8.

Swaption vol (Figure 4). With T = 2 years and annual swap payments, the swap-
tion vol as a function of swap tenor shows the inertial delay: all LZ models start below
1FHW at short tenors. The underdamped model produces non-monotone swaption
vols, with the oscillations in C;}d driving the swaption surface below the overdamped
and critical cases at long tenors.

Remark 8.1 (Calibration Principle). A standard calibration would match both models
to a target caplet vol at one reference maturity 7, then compare predictions every-
where else. The comparison shown here uses identical ¢ and different a vs (v, k). The
qualitative features — humped caplet vol, non-monotone bond vol in underdamped
regime, LZ below 1FHW at short tenors — are robust to any calibration that pre-

serves the structural constraint O'Ei]M (0) =0.
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9. Contributions

This paper establishes the following results.

Contribution 1 — Exact caplet/floorlet pricing under LZ. Market caplets are
priced exactly as bond put options (Theorem 3.1): Caplet = (1 + 6K) - Put(P(T, T +
0);K*). Since logP(T,T + 0) is Gaussian in the LZ model, this is an exact Black
formula on the lognormal bond price, using 0'129 (70, 0) from Section 4. The HJM vari-
ance profile V (7) is given in closed form in all three regimes (Theorems 3.3-3.6) and
characterises the vol term structure.

Contribution 2 — Closed-form bond option pricing under LZ. The master for-
mula (12) reduces to a single integral of a known function. Full closed forms are
given in Theorems 4.5—-4.7 for all three regimes. The critically damped formula in-
volves polynomials in 7g multiplied by decaying exponentials; the underdamped for-
mula involves the auxiliary quantities Pg, Qg,Ag,Bg and three standard integrals
T0:T e T -

Contribution 3 — Swaption pricing via Bachelier approximation. The exact
swap rate is a ratio of sums of lognormal bond prices and has no closed-form density.
Under the linear swap rate approximation (Assumption 5.1), the swap rate becomes
approximately Gaussian as a linear combination of Gaussian forward rates. Swap-
tions are then priced by the Bachelier (normal) formula (Theorem 5.2), with normal
vol 3yap computed from the model’s cross-covariance matrix. This approximation is
standard for all multi-factor Gaussian HJM models and is used uniformly here for all
four models (including the 1IFHW benchmark) to enable consistent comparison. The
Fourier machinery required in jump or stochastic-vol models is not needed: the Gaus-
sian distribution of (r7, , vy ) is fully explicit, making the approximation both natural
and efficient. Closed-form cross-covariance integrals C;;(7() are given in Theorems
5.3-5.6 for all four models. The underdamped cross-covariance contains cos w (7; % ;)
terms absent in all other models, producing non-monotone swaption vol surfaces.

Contribution 4 — Systematic comparison against 1IFHW. Both models are Gaus-
sian HJM models with one Brownian driver. All pricing differences reduce to the sin-
gle structural gap: O'EQIM (0) = 0 versus O'II}%VM (0) = 0. The 1IFHW bond variance
factorises (rank-1 structure); the LZ overdamped variance does not.

Contribution 5 — The underdamped implied vol signature. The underdamped
LZ model produces oscillatory caplet implied vols, non-monotone bond option vols
(Corollary 4.8), and non-monotone swaption vol surfaces (Remark 5.7). These fea-
tures are structurally impossible in any Gaussian HIM model with ¢HM(7) > 0,
including 1IFHW, 2FHW, and all Ho-Lee variants. They constitute a testable predic-
tion: markets exhibiting oscillatory cap vol surfaces across maturities may require a
second-order (inertial) term structure model.
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