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1. Abstract

We construct Brownian local time L} as the density of the occupation measure of standard
Brownian motion and establish three foundational results: the occupation time formula,
Tanaka’s formula extending Itd’s lemma to |B, — al, and Lévy’s representation theorem
identifying LY in distribution with |B,|. The entire development is motivated by a single
problem in quantum mechanics: the Schrédinger operator H = —%31,36 —+ ad requires, via
the Feynman-Kac formula, a rigorous interpretation of fOT 0(B,) ds — which is precisely
the local time L2. The quantum consequences follow as direct corollaries: the Feynman—
Kac weight for the delta potential is e %, and the bound state energy E, = —a?/2 (for
a < 0) is derived from the Laplace transform of LY established via Lévy’s theorem.

2. Motivation: The Quantum Delta Potential

The Schrodinger operator with a point interaction at the origin,

1
H = —§8m + ad(z), a€R, (2.1)

is the canonical one-dimensional model of a quantum particle coupled to an impurity. For
a < 0 (attractive coupling), H has exactly one negative eigenvalue E, = —a?/2 with
L?-normalised eigenfunction ¢ (z) = /|af e”1*!1#l; the continuous spectrum is [0, 00) with

no bound state for o > 0.

The imaginary-time evolution u(-, 7) = e " f satisfies the parabolic problem

0.u= %ﬁmu —ad(x) u, u(-,0) = f € L3(R). (2.2)

Applying the Feynman—Kac formula formally to (2.2) gives

u(z,7) =L, [exp(a /0 T&(Bs)d.s) f(BT)] (2.3)

The expression fOT d(By) ds is pathwise ill-defined: Brownian motion visits any fixed point
on a set of Lebesgue measure zero, so the integrand vanishes ds-almost everywhere along
every path. The object needed to make (2.3) rigorous is a random field {L7} satisfying
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/O tgp(BS)ds: / T o) Lz as (2.4)

o0
for all Borel functions ¢. Setting ¢ = (- — a) recovers L as the rigorous substitute for
fot d(B, — a)ds. The construction and properties of this field — Brownian local time —

are the subject of Sections 3-5.

3. Setup and Notation

Let (2, 7,(F,)i=0,FP) be a complete filtered probability space satisfying the usual condi-
tions, and let B, be a standard R-valued (& ,)-Brownian motion. Write P, for the law of
B started at x and £, for the corresponding expectation. The quadratic variation satisfies
(B)y =t.

Symbol Description
B, Standard Brownian motion, By = x
Ly Local time of B at level = up to time ¢
sgn(r) 10— 1aco
M, Running maximum sup,_, B,
o Standard normal CDEF:
O(z) = (2m)7 V2 [ e 2 du
H Schrédinger operator —19,, + ad
E, Ground state energy of H
Yo Bound state eigenfunction of H

4. Brownian Local Time

Definition 4.1 (Occupation measure). For ¢ > 0 and Borel A C R, the occupation
measure of B up to time ¢ is p,(A) = fot 1p cads. The map A+ p,(A) is a random Borel
measure on R, absolutely continuous with respect to Lebesgue measure almost surely.

Theorem 4.2 (Existence and occupation time formula). There exists a jointly measurable
random field {L}},ep >0 such that, a.s. for all t > 0: (i) p(A) = [, Lf dx for every
Borel set A; (ii) for every non-negative Borel f: R — [0,00), equation (4.1) holds.

/Ot f(B,)ds = /: f(z) L¥ da. (4.1)

The occupation time formula (4.1) makes (2.4) precise. The field L} measures, in units of
time, how densely the path s — B, visits level = up to time ¢. Applying (4.1) with f =14
gives i, (A) = [, L dx, confirming (i).
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Lemma 4.3 (Lévy approximation). For every x € R and t > 0, almost surely, equation

(4.2) holds, with convergence uniform in x on compact sets.

1

Lf = 161%1 26/0 1{\Bs—r\<e} dS. (42)

Proof. The right side of (4.2) equals u,(z — €, + €)/(2¢). Since p, < Leb with density

Ly € L}, the Lebesgue differentiation theorem yields pointwise convergence for a.e. .
1

Uniformity in x follows from the 5-Holder continuity of Lf in x, established via Tanaka’s

formula (Theorem 4.1) and the Kolmogorov continuity criterion. O

Lemma 3.3 provides a constructive characterisation of LY and a practical numerical
scheme: approximate (4.2) along a discretised Brownian path with bandwidth e = O(v At)
(see Algorithm 1 in Section 7).

5. Tanaka’s Formula

I[td’s formula requires f € C2. The function g,(z) = |z — a| has g/, = sgn(z — a) and
distributional second derivative g = 20(z—a). Tanaka’s formula is the correct It6 formula

for g,, with the local time appearing as the correction term that replaces % fot gr(By)ds.

Theorem 5.1 (Tanaka—Meyer). For every a € R and t > 0, equation (5.1) holds.

t
|B, —a| = |B, — al —I—/ sgn(B, —a)dB, + L{. (5.1)
0

Approximate g,(z) = |z —a| by f.(z) = /(r—a)?+€ € C®, with f/(z) = (z —
a)/\/(x —a)? + €2 and f/(z) = €2/((x — a)? + €2)?/2. Ttd’s formula gives:

fe(Bt):fe(BO)+/ fé(Bs)st+1/

5 fZ(B,)ds. (5.2)

Proof. Each term in (5.2) has a limit as € | 0. (a) f.(B;) — |B; — a| uniformly in ¢. (b)
Since |f!| < 1 and f/(B,) — sgn(B, — a) pointwise, dominated convergence in the It6
isometry gives L?-convergence of the stochastic integral to fot sgn(B, —a)dB,. (c) For
the final term, the occupation time formula (4.1) with f = f//2 gives %fot fl(B,)ds =
f::o k (x — a) L¥ dz, where k_(y) = €2/(2(y? + €2)3/?) is a positive approximate identity
with [k, = 1 and k, — & weakly. Since z + L7 is continuous at a, the convolution
converges to L. Taking € | 0 in (5.2) yields (5.1). O

Corollary 5.2 (Properties of local time). For each a € R: (i) t +— L is continuous, non-
decreasing, and L§ = 0 a.s.; (it) L} increases only on {s : B, = a}, i.e., j(;oo g 2 dLg =
0 a.s.; (iii) x +— LY is %—H(')'lder continuous, a.s. for each t.
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Proof. follows from the path-continuity of the right side of (5.1). (ii) The process t
|B, — a| is flat precisely when B, # a, so L{ can only increase when B, = a. (iii) For
a < b, apply Tanaka’s formula to both |B, — a| and |B, — b| and subtract; the difference
LY — L% is bounded by a stochastic integral and |b — a|-type terms; the BDG inequality
and a standard Kolmogorov argument give Hé’)lder—% continuity. O

6. Lévy’s Representation and the Distribution of L?

Theorem 6.1 (Lévy). Under Py, the processes (|B,|, LY),~ and (M, — B,, M,),~, have

the same distribution, where M, = sup__, B,.

Proof. Set R, = M, — B,. Since M, is non-decreasing and flat off {R, = 0}, the
pair (R,, M,) solves the Skorokhod reflection equation: R, > 0, M, non-decreasing,
fooo 1(g -0y dM, = 0. By Tanaka’s formula (5.1), | B,| satisfies an identical equation with

LY in place of M,, since |B,| = j: sgn(B,)dB, + LY. The Skorokhod reflection problem
has a pathwise unique solution, so the two pairs coincide in law. O

Corollary 6.2. Under Py, L) < M, £ |B,| for each t > 0.

Proof. From Theorem 5.1, L? 4 M,. The reflection principle gives M, 4 | B, |. O

Lemma 6.3 (Laplace transform). For A > 0 and t > 0, equation (6.1) holds.

Eo[e 4] = 2eN2 0 (—AvE). (6.1)
Proof. By Corollary 5.2, LY 4 |B,| ~ [N(0,t)], so Eg[e 4] = \/%fooo e z—a?/(2t) 1.
Completing the square, —A\z — 2%/(2t) = —(z + At)?/(2t) + A\?t/2, which gives: O

28)\2t/2

2rt

26)\2t/2

Eo [e_ALg] = NG

/ e—(@+AD2/(28) g0 — / e /2 du = 22 B(—AVT).
(1} AVt
(6.2)

Remark 6.4. For attractive coupling o < 0, set k = |a| and replace A by —k in (6.1) to
obtain equation (6.3).

Eo[elt] = 2e~2 0 (kv1). (6.3)

As t — 00, ®(kv/t) — 1, so the right side of (6.3) grows as 2e"°%/2. The exponential
growth rate x?/2 identifies the ground state energy in Section 6.
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7. The Delta Potential: Corollaries

We now derive the quantum mechanical consequences directly from the probabilistic results

above.

Corollary 7.1 (Feynman-Kac for the delta potential). Let f € L?(R) N L>(R). The
solution to (2.2) is given by equation (7.1).

u(x,r) = E,[e7L% £(B,)]. (7.1)

Proof. Apply the occupation time formula (4.1) with f = «d(-):

a/ d(B,)ds :a/ §(x) LEdx = oL as. (7.2)
0 —00

Substituting into (2.3) makes it rigorous: the previously ill-defined integral is replaced by
aL? a well-defined non-negative random variable by Corollary 4.2.

Theorem 7.2 (Bound state energy). For a < 0, the ground state energy of H defined in
(2.1) is By = —a?/2.

Proof. Away from the origin, —3 f” = E,f with E, < 0 gives f(z) = Ce "ol with k =
V/—2E, > 0. The domain condition for the self-adjoint realisation of H requires f'(07) —
f/(07) = 2af(0), i.e., —2kC = 2aC, hence Kk = —a = |a], establishing (7.3). The

probabilistic confirmation: from (6.3), Eq[e"L%] ~ 2¢"°7/2 as 7 — o0, so the exponential
growth rate is x2/2 = | E,|. O
2 2
K a
B =—=-2 7.3
=5 =-2 (73

Corollary 7.3 (Convergence to bound state). Let a < 0, k = |a|, and f € L*(R) with
(f, o) # 0. Then (7.4) holds in L*(R), and in particular u(z,7)/u(0,7) — e~ for each

x.

T—00

ePoT E, [e717 F(B,)] —— (f. 1) ¢o(x). (7.4)

Proof. By the spectral theorem, e ™ = e~ 50T (. 4,)1), + fooo e dE,, where E, is the

EgT

spectral projection onto [0, 00). Multiplying by e®0™ and using E; < 0 < A, the continuous-

spectrum term is O(eFo™) — 0. O

8. Numerical Algorithm and Results

8.1 Algorithm

The Monte Carlo approximation of u(x, 7) = E,[e~*E? f(B.)] combines the Euler-Maruyama
scheme for B, with the Lévy approximation (4.2) for LY. The bandwidth ¢ = O(VAt)
balances the §-function approximation error against the path discretisation error.
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Algorithm 1: Monte Carlo Feynman-Kac for the delta potential

Input: x0 (starting position)
alpha (coupling; alpha < O for attractive potential)
tau (imaginary time)
N (number of paths)
M (time steps)

dt <- tau / M
eps <- 3 * sqrt(dt) # Levy bandwidth: 0(sqrt(dt))

for i = 1 to N:
B <- x0
L <-0
for k = 1 to M:
B <- B + sqrt(dt) * Normal(0,1)
if |B| < eps:
L <- L + dt / (2 % eps)
weight [i] <- exp(-alpha * L) * f(B)

u_hat <- mean(weight)
se <- std(weight) / sqrt(N)
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8.2 Results
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Figure 1: Brownian path ¢ — B, (top) and local time profile z + L{ (bottom) for a
single trajectory with M = 6000 steps. The Lévy approximation (4.2) with € = 0.035.
The profile concentrates near the range visited by the path and vanishes on intervals not
traversed.
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Figure 2:

Convergence of the Lévy approximation to Ey[LT] as ¢ | 0, for ¢ €
{0.12,0.06,0.03} averaged over 3 x 10® paths with M = 800 steps. The theoretical curve

Eo[L]] = fo (2ms)~1/2e7%"/(25) ds is shown for reference. Convergence is monotone and
uniform on the plotted range.
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- T=2.0
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Figure 3: Monte Carlo estimates of u(z,7)/u(0,7) for « = —1 (k = 1) at 7 €
{0.5,1.0,2.0,3.0}, with N = 25000 paths. The curves converge to the exact bound state

e~1#! (thick solid line), consistent with Corollary 6.3.
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