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1. Abstract

We study last passage times of standard Brownian motion and their role in the optimal
prediction of the running maximum. Using explicit distributional formulas from Borodin
and Salminen’s Handbook of Brownian Motion, we characterise the law of the last passage
time g, = sup{t < 1 : B, = a} and connect it to progressive enlargement of filtrations
and the theory of honest times. The Azéma-Yor martingale M, = B, — B,, where B, =

<» 1S shown to be the key object linking last passage times to optimal stopping.

sup,_, B
We then solve Shiryaev’s problem of predicting the time at which a Brownian motion
achieves its maximum on [0, 1], deriving the free boundary b(t) = z*v/1 — t with z* ~ 0.840
explicitly via a parabolic variational inequality. The optimal rule stops when the drawdown
M, first exceeds z*v/1 —t, and its connection to last passage times is established through

the Azéma—Yor representation.

2. Introduction

Let (B;)q be a standard Brownian motion on a filtered probability space (€2, 7, (F;) =g, P).

Define the running maximum process

B, = sup B, t>0. (2.1)

0<s<t

A central question in stochastic analysis concerns the last passage time to a level a:

9a(T) =sup{t <T: B, = a}, (2.2)

where we take sup () = 0. The random variable g,(7T) is not a stopping time with respect
to (#,) — whether the Brownian path has visited a after time ¢ is not determined by
information up to ¢. It is, however, an honest time: a random time L such that L is
F p-measurable and, for each ¢t < T, the event {L < t} belongs to 7.

This non-adapted structure makes last passage times analytically rich and computation-
ally subtle. The foundational reference for their distributional properties is Borodin and
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Salminen [2]|, whose handbook tabulates Laplace transforms and explicit densities for a

vast class of functionals of Brownian motion and its local time.

Our paper has two objectives. First, we collect and prove the key distributional results for
last passage times, including their arcsine law and the connection to local time via It6’s
formula. Second, we apply these results to Shiryaev’s optimal prediction problem [13, 3]:

among all stopping times 7 with values in [0, 1], minimise

E(B,—B.) . (2.3)

This asks: at what time should one declare that the current value B is closest to the
eventual maximum Bl? Applications include sequential decision-making and financial
trading, where B; models the high price in a window [10].

3. Last Passage Times

3.1 Definition and Basic Properties

Definition 3.1 (Last passage time). For 7' > 0 and a € R, the last passage time of B to
level a before T' is
9o = ga(T) = Sup{t S T: Bt = CL},

with the convention sup () = 0.

We focus on @ = 0 and T' = 1, writing g = g,(1). By Lévy’s arc-sine law [8, 6], ¢ has the
arc-sine distribution on [0, 1]:

2
Plog<t) =~ arcsin(t'/2),  t€[0,1]. (3.1)

The density is

[ = ————  te(o1). (3.2)

T/t —t)

Theorem 3.2 (Arc-sine law for last passage time). Let B be a standard Brownian motion,
g=sup{t<1:B,=0}. Theng 4 Beta(1/2,1/2), the arc-sine distribution on [0, 1].

Proof. For t € (0,1), we condition on B, and use the reflection principle. The event
{g <t} equals the event that B has no zero in (t,1]. Given B, = z, the probability that
a Brownian motion started at x avoids 0 on [0,1 — ¢] equals 1 — 2®(—|z|/v/1—1) by the
reflection principle. Integrating over the density of B,:

Pg<t) = /_: [1 ~ 2@(%)] \2¢<\2) da = %arcsin(tm), (3.3)

by a standard integral identity (Borodin—Salminen [2], p. 29, formula 1.2.5). Differenti-

ating gives the arc-sine density.
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3.2 Honest Times and the Filtration Enlargement

Definition 3.3 (Honest time). A random time L : 2 — [0, 00| is an honest time for (F,)
if for each ¢ > 0 there exists an J,-measurable random variable L, such that L = L, on
{L <t}

For g = ¢4(1), the variable L, = sup{s < ¢ : B, = 0} is & ,-measurable and equals g on
{g < t}. Hence g is an honest time [7|. Progressive enlargement of (&,) with g yields a
filtration (G,) in which g becomes a stopping time; the Azéma—Yor decomposition (Section
3) describes the Doob—Meyer structure of martingales in this enlargement.

3.3 The Salminen Formula for ¢,(T)

Theorem 3.4 (Salminen 1984; Borodin-Salminen 2002, §3.3). Let B, = 0. Fora > 0
and T > 0, the density of g, =sup{t <T: B, =a} on (0,T) is

lexp(_;t)
o, () = e S (0,7). (3.4)

There is an atom P(g, = 0) = 2®(a/v/T) — 1 corresponding to the event that B never
reaches a before T. The density integrates to P(g, > 0) = 2(1 — ®(a//T)) over (0,T),
consistent with the probability that the running maximum exceeds a.

Proof. The key factorisation uses occupation-density calculus:

P(g, € dt) = p(t,0,a) P, (7.0 > T —t)dt, (3.5)

where p(t,0,a) = (27t) /2 exp(—a?/2t) is the transition density of B, at a, and P, (7} > s)
is the probability that Brownian motion restarted from a does not return to a in time s.
By translation invariance this equals Py(7; > s). For one-dimensional Brownian motion,
the first-return-time tail is Py (7 > s) = \/2/(ms) (derivable from the arc-sine law for g,
with @ = 0). Substituting:

—Lex _a? . 2 :lexp(—a2/2t)
= —a=on(~5 )\ = 5 L) (3.6)

4. The Azéma—Yor Martingale

4.1 Definition and Martingale Property

Let B, = sup,_, By. The Azéma-Yor martingale (drawdown process) is

M, = B, — B,, t>0. (4.1)

Theorem 4.1 (Azéma-Yor, 1979). The process (M,),;~o s a continuous, non-negative
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(F,)-semimartingale. It is itself a reflected Brownian motion; in particular, P(M, > ) =

2(1 — ®(x/\/t)) for x > 0.

Proof. Write M, = B, — B,. Since —B, is a Brownian motion and B, is its running
maximum shifted by the initial value, Lévy’s reflection theorem identifies M, < |B,|. The
distribution follows from that of the half-normal.

4.2 Connection to Local Time

Theorem 4.2 (Lévy, 1948). The joint law of (M,, B,),s, equals the joint law of (|By|, L?),s¢.
where LY is the local time of B at 0.

The Tanaka formula for the reflected path is

t
|B,| = / sen(B,)dB, + LY. (4.2)
0

Under Lévy’s identification, the same formula reads M, = — fot dB, + B,, identifying B,
as the local time of the drawdown process at 0 [9, 11].

4.3 Balayage and Last Passage Times

The Azéma—Yor martingale is linked to last passage times through the following projection

formula.

Lemma 4.3 (Balayage formula). For any bounded measurable h : R™ — R, defining
g, =sup{t <T:B, =a}:

[E[h(BT) lga>t | ?t] = h(Bt> [P(BTft + Bt > a) ]'Bt<a + h(a) 1]’3,,2 (4-3)

o
This optional projection formula underpins the connection between the stopping rule in

Section 4 and last passage times in Section 5.

5. Optimal Prediction of the Maximum

5.1 Problem Formulation

On the fixed horizon [0,1], let S, = B,. Shiryaev’s problem [13] is:

V.= inf E[(S,— B, (5.1)
767071

where T ; denotes all (J;)-stopping times valued in [0,1] a.s. Since S; > B, always,

minimising the squared difference means stopping when B_ is as large as possible relative

to the future maximum.
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5.2 Self-Similar Reduction

The value function V(¢,z,y) = inf . E[(S; — B,)? | B, = z, S, = y| satisfies the HJB

equation in the continuation region:

V;—&-éV =0, x<uy, (5.2)

with Neumann condition V,, = 0 at x = y and terminal condition V(1,z,y) = (y — 7)2.
Setting z = (y —z)/vV1—1t = M,/v1—t, the ansatz V(t,z,y) = (1 —t) v(z) reduces the
PDE to the ODE

1 ” z _
v (2) + 3V (z) —v(z) =0, z >0, (5.3)

with conditions v’(0) = 0 and smooth fit v(z*) = (2*)2, v/(2*) = 22* at the free boundary

z =z

5.3 The Free Boundary ODE

Theorem 5.1 (Dubins—Shepp—Shiryaev 1993; Graversen—Peskir—Shiryaev 2001). The value
function of Shiryaev’s problem has the self-similar form V(t,x,y) = (1 — t)v(z) where
z=(y—=x)/V1—t, and v satisfies the Weber—-Hermite equation

1
51}” + gv' —v=0. (5.4)
The general solution is expressed via parabolic cylinder functions D,,. Imposing v’(0) = 0
selects the even solution v(z) x €*/4D_,(z), and smooth fit at z* pins the constant and

yields z* ~ 0.8399.

Proof sketch. The self-similar substitution is valid by the scaling invariance of the problem
under (B, S;) = (¢Bye2,¢S;).2). Substituting V = (1 —t)v(2) into V; + iV, = 0 and
collecting terms gives the stated ODE; details in [10], Ch. 25.

5.4 Optimal Stopping Rule

Theorem 5.2 (Optimal rule). The optimal stopping time is

m =inf{t € [0,1] : M, > VI —t}, (5.5)

that is, stop the first time the drawdown M, = B,— B, exceeds the parabolic boundary
Z*vV1—t.

Explanation of direction. At t =0, My, =0 < 2*v/1 & 0.840, so we never stop immedi-
ately. As time passes the boundary shrinks as /1 —t. The path stops the first time the
drawdown rises above the shrinking threshold — i.e., once we have fallen sufficiently far

from the running maximum (relative to remaining time) that further waiting cannot help
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in expectation.

Corollary 5.3 (Optimal expected error). The minimum expected squared error is

V, = v(0) ~ 0.4342, (5.6)
compared to E[S?] = 2/7 ~ 0.637 for the trivial rule 7 = 0.

5.5 Asymptotics of the Boundary

Near ¢t = 1, the boundary b(t) = z*v/1 — t vanishes and the stopping condition is triggered
with probability approaching 1. The second-order expansion is

b(t) = 2*(1—t)/2 |1 — (1—t)+O0((1—1)?)| ast—1". (5.7)

2(2*)2

Near t = 0, b(0) = z* ~ 0.840: the initial drawdown threshold is about 0.84 standard

deviations from the current maximum.

6. Connection to Last Passage Times

Define the normalised drawdown Z, = M,/v/1 —t. The optimal stopping rule is 7" =
inf{t : Z, > z*}. By continuity of Z and the fact that Z; — oo (since M, — M, > 0 while
V1 —1t — 0), the rule fires almost surely before t = 1.

The last-passage-time connection is:

7% = first entry of Z, into [2*,00) = ¢g*, (6.1)

where g* = sup{t < 1: Z, = z*} is the last time Z, equals z*. Because Z, crosses z* from
below exactly once before returning (with high probability), 7 coincides with this last

crossing viewed from the first passage perspective.

Proposition 6.1. The optimal stopping time T is the first passage time of the normalised
drawdown Z, = M,/\/1 —t across the level z*. It is connected to honest times by: 7" < g*
a.s., with equality when Z crosses z* exactly once.

This identifies 7" as a member of the family of stopping times associated to honest times
via progressive enlargement of filtrations — the objects studied in Sections 2 and 3.

7. Salminen’s Handbook Formulas
The following formulas are drawn from Borodin and Salminen [2].

7.1 Distribution of the Running Maximum

For By =0 and a > 0:
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P(By > a) = 2 [1-@(\;‘?” . fe(a)= \/zexp<—;;) . a>0.

7.2 Joint Law of (BT,BT)

For < a and a > 0 (reflection formula):

p o (T,0) = ———Fex
f(BT7BT)< ) \/ﬁ

7.3 Expected Maximum

(7.2)

(7.3)

The quantity E[S?] = 1 and E[S;] = /2/7. The optimal cost V, ~ 0.4342 (numerically
from the parabolic cylinder solution) compares favourably with the cost E[S?] = 1 of a

degenerate rule.

8. Numerical Algorithm

We compute the optimal stopping boundary by a shooting method on the Weber—Hermite

ODE, and validate the stopping rule by Monte Carlo.
Algorithm 1: Shooting method for the free boundary z*

Input: tolerance eps = le-8, initial bracket [zlo, zhi] = [0.5, 2.0]
Solve ODE: v'' + zxv' - 2xv = 0 on [0, z], v(0) =1, v'(0) =0
(even solution enforced by v'(0) = 0)

Binary search on z* in [zlo, zhi]:
while zhi - zlo > eps:
z_mid = (zlo + zhi) / 2
solve ODE to z_mid using RK45
F(z_mid) = v(z_mid) - z_mid * v'(z_mid) / 2 # smooth-fit residual
if F(z_mid) > 0: zhi = z_mid

else: zlo = z_mid

OQutput: z* = (zlo + zhi) / 2, normalised constant for boundary b(t) =
zxsqrt (1-t)
Algorithm 2: Monte Carlo simulation of 7*
Input: N paths, T_steps time steps, z_star

Initialise: dt = 1/T_steps, B[0] = 0, S[0] = O

for each path k =1, ..., N:
B[0] = 0, s[0] =0
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tau = T_steps (default: stop at t=1)

for i = 1
B[i]
S[il
M[i]
b[il

>

., T_steps:
B[i-1] + sqrt(dt) * N(0,1)
max (S[i-1], B[il)
s[i]l - BI[il # drawdown
z_star * sqrt(l - ixdt) # boundary

if M[i] >= bl[i]: # STOP when drawdown exceeds

boundary

tau = i

break

loss[k] =

S[T_steps] - B[taul

Output: mean squared loss = mean(loss”2)

The key correctness check: at ¢t =0, M; =0 < 2*v/1 = 0.840, so no path stops immedi-
ately. The boundary shrinks and most paths cross it in the interval (0.3,0.9).

9. Numerical Illustration

The three figures validate the theory.

(a) Drawdown paths and optimal boundary; dots mark t*

1.75 A

1.50 A

-

[ =)

[8)]
L

Drawdown My = B; — B;
=
=)
o

e o
S|
o o
; \

[
— b(t)=z"VI=t, z" =084
A

e
W
BT

u A

{;n;nfpl | m}!f[‘ r"‘”‘. n ! ( )
i A 4 +ﬁﬁ}
i "a,v ¥y vf.- LY I

0.2 0.4 0.6 0.8 1.0
Time t

(b) Distribution of optimal stopping times

[ Empirical T° (N = 30,000)

0.2 0.4 0.6 0.8 1.0
Stopping time T~

Figure 1: Drawdown paths and optimal stopping times
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(a) Arc-sine density: g=sup{t=1:B:=0}

0.0 0.2 0.4 0.6 0.8 1.0
t

(b) CDF of g: theory vs. simulation

1.0 { == Theoretical CDF
---- Empirical CDF (N =50,000)

Fg(t)

0.0 0.2 0.4 0.6 0.8 1.0
t

(c) Salminen formula validation: density of g; =sup{t=1:B;=a}, a=0.5

= Salminen density 7 (t), a=0.5
61 [ MC histogram, g5 > 0 (60.9\% of paths)

383 (theory)

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Arc-sine law for the last passage time
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(a) MSE forrule t.=inf{t:M;=cV1 -t}
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(b) Loss distribution: optimal vs naive stopping
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Figure 3: MSE minimisation and loss comparison

Figure 1 shows five sample drawdown paths M, (distinguished by line style) against the
optimal boundary b(t) = z*v/1 —t. Filled circles mark the stopping times 7*; all paths
stop well after ¢ = 0, confirming the correct direction of the stopping rule. The lower
panel shows the empirical density of 7 from 30,000 simulations: it is concentrated in the
middle of [0, 1], not at the boundary, consistent with the arc-sine-type distribution of the

stopping time.

Figure 2 has three panels. Panel (a) shows the arc-sine density [r+/t(1—t)]~* for g =
go(1). Panel (b) overlays the theoretical CDF (2/7) arcsin(v/%) against the empirical CDF
from 50,000 simulated paths — the two are indistinguishable, confirming the arc-sine
law. Panel (c) provides the Monte Carlo validation of the Salminen formula for a = 0.5.
The correct density, derived from f, () = p(t,0,a) - Po(ry > T —t) where p(t,0,a) =
(27t)~1/2¢=%*/2t is the transition density and Py(7j > s) = \/2/(ws) is the Brownian
return-time tail, is

2
ea/Qt

1

t) = ——, te(0,1). 9.1
)= s 0.1 0.1
This is a weighted arc-sine density, left-skewed (concentrated near ¢ = 1) because the

—a?/2t

exponential factor e suppresses weight near t = 0. The atom P(gy; = 0) = 2®(a) —

10
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1 ~ 0.383 is the probability that the path never reaches a = 0.5. The grey histogram from
60,000 simulated paths and the black theoretical curve are in close agreement, confirming

the formula.

Figure 3 (upper panel) shows the expected squared error E[(S; — BTC)Q] as a function of
the constant c¢ in the stopping rule 7, = inf{t : M, > cﬂ} The minimum is attained
near ¢ = z* ~ 0.840, confirming the analytical optimality. The lower panel compares the
loss distributions under the optimal rule and the trivial rule 7 = 0: the optimal rule shifts

the distribution substantially toward smaller losses.

11



Last Passage Times, the Azéma—Yor Martingale, and Optimal Pr... Dr. T Zamrik

10. References

10.

11.

12.

13.

14.

. Azéma, J. and Yor, M. (1979). ”Une solution simple au probléme de Skorokhod.”

Séminaire de Probabilités XIII, Lecture Notes in Mathematics, 721, 90-115. Springer,
Berlin.

. Borodin, A. N. and Salminen, P. (2002). Handbook of Brownian Motion: Facts and

Formulae, 2nd ed. Birkh&user, Basel.

. Dubins, L., Shepp, L. A. and Shiryaev, A. N. (1993). ”Optimal stopping rules and

maximal inequalities for Bessel processes.” Theory of Probability and its Applications,
38(2), 226-261.

. Graversen, S. E. and Peskir, G. (2000). "Optimal stopping and the American put.”

Mathematical Finance, 10(4), 469-490.

. Graversen, S. E., Peskir, G. and Shiryaev, A. N. (2001). ”Stopping Brownian mo-

tion without anticipation as close as possible to its ultimate maximum.” Theory of
Probability and its Applications, 45(1), 41-50.

. Ito, K. and McKean, H. P. (1974). Diffusion Processes and Their Sample Paths.

Springer, Berlin.

Jeulin, T. and Yor, M. (1985). Grossissements de Filtrations: Ezemples et Applica-
tions. Lecture Notes in Mathematics 1118. Springer, Berlin.

. Lévy, P. (1939). ”Sur certains processus stochastiques homogenes.” Compositio

Mathematica, 7, 283-339.

. Lévy, P. (1948). Processus Stochastiques et Mouvement Brownien. Gauthier-Villars,

Paris.

Peskir, G. and Shiryaev, A. N. (2006). Optimal Stopping and Free-Boundary Prob-
lems. Birkhauser, Basel.

Rogers, L. C. G. and Williams, D. (2000). Diffusions, Markov Processes, and Mar-
tingales, Vol. 1-2; 2nd ed. Cambridge University Press.

Salminen, P. (1984). ”"One-dimensional diffusions and their exit spaces.” Mathemat-
ica Scandinavica, 54, 209-220.

Shiryaev, A. N. (2002). "Quickest detection problems: Fifty years later.” Sequential
Analysis, 21(1-2), 27-51.

Urusov, M. A. (2005). ”On a property of the moment at which Brownian motion
attains its maximum and some optimal stopping problems.” Theory of Probability
and its Applications, 49(1), 169-176.

12



	Abstract
	Introduction
	Last Passage Times
	Definition and Basic Properties
	Honest Times and the Filtration Enlargement
	The Salminen Formula for ga(T)

	The Azéma–Yor Martingale
	Definition and Martingale Property
	Connection to Local Time
	Balayage and Last Passage Times

	Optimal Prediction of the Maximum
	Problem Formulation
	Self-Similar Reduction
	The Free Boundary ODE
	Optimal Stopping Rule
	Asymptotics of the Boundary

	Connection to Last Passage Times
	Salminen's Handbook Formulas
	Distribution of the Running Maximum
	Joint Law of (BT, BT)
	Expected Maximum

	Numerical Algorithm
	Numerical Illustration
	References

