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1. Abstract

We study a two-player war of attrition in which each firm’s profitability evolves as an
independent geometric Brownian motion, so the state space is two-dimensional. The
game is formulated as a Dynkin stopping game whose equilibrium characterises a pair of
free boundaries I'; and I'y in the (y;,y5) plane, each a curve separating the exit region
from the continuation region. In the mixed region — where both players randomise —
the value functions satisfy a coupled elliptic PDE system of the form (£, + £, —17)V, = 0,
which is the two-dimensional analogue of the ODE collapse that characterises the one-
dimensional model. We derive a spectral representation for the value functions using the
product structure of GBM, show that in the symmetric case the free boundaries reduce to
a single curve admitting a closed-form expression via separation of variables, and treat the
asymmetric case numerically using a projected successive over-relaxation (SOR) algorithm
coupled with a free boundary iteration. As o,,0, — 0, the PDE system degenerates to
the ODE system of the one-dimensional model, providing a structural connection between
the two frameworks.

2. Introduction

The war of attrition is one of the canonical models of strategic exit in industrial organisa-
tion. Two firms compete in a declining market; each incurs a flow cost of remaining, and
the last firm standing inherits a monopoly payoff. In the one-dimensional formulation, a
single state variable — market demand or profitability — drives both firms’ decisions, and
the equilibrium is characterised by a pair of thresholds and a mixed-strategy hazard rate
1, 2].

When the two firms face independent stochastic shocks to their own profitability — because
they have different cost structures, different financing conditions, or operate in partially
segmented markets — the natural state space is two-dimensional. Firm i’s instantaneous
flow profit depends on y;, its private demand indicator, and the two processes (Y;,Y;)

evolve as correlated or independent geometric Brownian motions.

This paper develops the theory of the war of attrition in this two-dimensional setting. The

main contributions are:

Contribution 1. We show that the equilibrium value functions satisfy a

coupled elliptic PDE system in the mized region, with the same structural
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collapse — the infinitesimal generator minus the discount rate applied to V,

equals zero — that appears in the one-dimensional model.

Contribution 2. We derive a spectral representation of the value functions
using the product structure of bivariate GBM, characterising all solutions to
(L4 Ly —1)V; =0 via a hyperbolic dispersion relation on the exponent pairs.
Contribution 3. In the symmetric case (1, = [y, O] = Og, 7T§i> = Wéi), the
free boundaries I'y = I'y =: ' and separation of variables yields a closed-form

expression for V, on I'.

Contribution 4. In the asymmetric case, we solve the system numerically
via a projected SOR algorithm for the linear complementarity problem (LCP),
coupled with a free boundary iteration that recovers I'y and I'y via Newton

updates on the smooth-pasting residual.

Contribution 5. As 0,,0o — 0, the free boundary curves collapse to the
threshold pair of the one-dimensional model, and the degenerate diagonal equa-
tion pyv’ = rv is structurally identical to the one-dimensional degenerate ODE.
The two models differ in the degenerate limit only through the calibration coeffi-
cient A, which encodes the distinct matching conditions of the two-dimensional

game.

The paper is organised as follows. Section 2 sets up the model. Section 3 derives the
equilibrium conditions and the PDE system. Section 4 gives the spectral representation.
Section 5 analyses the symmetric case. Section 6 treats the asymmetric case numerically.
Section 7 establishes the degeneration limit. Section 8 concludes.

3. Model

Let (92, F,P) be a probability space carrying two independent standard Brownian motions
W, and W,. The demand indicator of firm ¢ follows:

Assumption 3.1 (Standing assumptions). Parameters satisfy pu;, € R, o, > 0, and r > p;
for i = 1,2, so that the discounted processes e "'Y;(t) are submartingales in the appropri-
ate sense and expectations of discounted payoffs are finite.

(2)

%

>0
is the duopoly flow coefficient and ¢ > 0 is the common fixed cost. The superscript (2)

While firm j is present, firm ¢ earns the flow profit 7T§2>Yi — ¢ per unit time, where 7

indicates two active firms. After firm j exits, firm ¢ earns the monopoly flow ﬂ'El) Y, —c
1) (2)
>,

with 772(- g

Each firm controls a stopping time 7; with respect to the natural filtration &, = o(Y;(s), Y5(s) :
s <'t). The payoff to firm ¢ under the strategy profile (y,75) is:
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TiNT;
Ji(m, ) = E [/ e (nY,(s) — c) ds + 6”]"/¢<1)(5€(Tj))17.<7,] : (3.2)
0 T
where Viu) is firm ¢’s monopoly value function, derived from the single-agent optimal
stopping problem.

Definition 3.2 (Monopoly value). The monopoly value function Vi(l)(y) is the solution
to the single-agent optimal stopping problem:

VV(y) = supE, [ [ erEvis —eas|.
0

>0

Proposition 3.3 (Monopoly solution). The monopoly value Vi(l> is:

0 y <,

1
A )(y) = Boabi b Wil) o
i Y T_sz r Yy L,

where 37 is the negative root of ¢;(B) := 202B(8—1) + ;8 —r =0, the exit threshold is
B ey

.'L';k = % . rﬂ.fﬁ)l . ,8?11’ (],'n,d B’L = _(’I‘*;z?)ﬁ;

argument; see [4].

(x1)1=Pi < 0. Proof. Standard smooth-pasting

4. Equilibrium Conditions and the PDE System

We look for a Markov perfect equilibrium in mixed strategies. At each state (y;,y,), firm
i exits at hazard rate \;(y;,95) > 0. Let V;(y;,y5) denote the equilibrium value of firm ¢
as a function of the state.

Definition 4.1 (Equilibrium regions). Define: - Exit region &: the set of states where
at least one firm exits with probability one (A, = 400 or a pure exit strategy). - Mixed
region M: the open set where 0 < \; < +o0 for both ¢ = 1,2. - Certainty region C:
the set where both firms stay with probability one (A, = 0).

The two-dimensional infinitesimal generator of (Y;,Y;) acting on smooth f is:

1 1
(14 Lo)f = 5019105 [+ 11910, [ + 503930, [ + 112920, ] (4.1)

Theorem 4.2 (Equilibrium PDE system). In a Markov perfect equilibrium with mized-
strategy interior M : 1. Value equation: in M, for each 1,

(L1 + Ly —1)Vi(y1,92) = 0.
2. Indifference condition: the hazard rates \; satisfy

WEQ)?JZ- —c+ /\j(Vz‘(l)@i) —Vi(y1,92)) =0,
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c— WEZ)%’

‘/i(l) (yz) - Vz‘(?/h yz)

formula, the value function of firm i satisfies the HJB-like equation. In the mixed region,

giving \; = (positive when y, < y, = c/7rl(-2>). Proof. By Ito’s

firm i must be indifferent between staying and exiting at any rate. Setting the drift of

the discounted value process to zero, and using the indifference condition to pin A;, one

obtains (i) and (it).

Remark 4.3 (ODE collapse in 2D). The equation (£, + £y —7)V; = 0 in M is the two-
dimensional analogue of the ODE collapse (£ —r)V; = 0 in the one-dimensional model [3].
The mixed-strategy equilibrium forces the value function to be harmonic with respect to
the discounted generator, regardless of dimension.

Remark 4.4 (Boundary conditions). The free boundaries I'; = 9 N OM are determined
by smooth-pasting:

i.e., both value and normal derivative vanish on the exit boundary. On the upper bound-
ary (entering €), continuity and smooth-pasting with the certainty-region solution are
imposed.

The linear complementarity formulation of the system captures all regions simultaneously:

Proposition 4.5 (LCP formulation). The equilibrium values (V;,V,) on the domain Q =
(0,Y,,..)% satisfy the coupled LCP:

max

Vi 20,
(’Cl +'52_r)v;+fz(y17y27‘/z> < 07
Vi (L1 + Ly =)V, + fi] =0,

where f;(y1,Y2, V;) encodes the coupling through A;.
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Equilibrium regime structure (symmetric case;
free boundaries schematic at first order)
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Figure 1: Free boundary curves I'; and I'y in the (y;,y5) state space. The shaded regions
correspond to exit (dark), mixed (medium), and certainty (light). The boundaries are
nearly vertical and horizontal near the common exit threshold x*, and curve inward as the

partner’s demand increases.

5. Spectral Representation

The operator £, + £, — r on the domain (0,00)? with power-law boundary conditions
admits a spectral decomposition via the product structure of geometric Brownian motion.

Definition 5.1 (Spectral curve). Define the dispersion relation:

Y= {(By,By) € R?: 4y (By) + ¥y(By) =1},

where ;(8) = 1028(8 — 1) 4+ p;8 is the cumulant exponent (Laplace exponent of logY;
before discounting).

Theorem 5.2 (Spectral representation — formal). The product monomials y11y§2 with
(81, B9) € X satisfy (£, + Ly — r)(yfly§2) = 0 and formally span the solution space: any
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sufficiently reqular solution admits the representation

V(yy,ys) = /20(51752)951?/52 dp( By, Ba),

for a signed measure ,u supported on X and amplitude C'. Proof. Direct substitution
gives (£1+ Ly — 1)y y5?) = [y (By) + s(By) — ] 45> = 0 on B, werifying each basis
element. The representation follows formally from the two-dimensional Mellin transform:
on the log-coordinates x; = logy,, the operator £, — %T‘ becomes a constant-coefficient
differential operator, and the Fourier—Plancherel theorem on R? guarantees that L* solu-
tions are represented as integrals over the spectral curve. A rigorous L*(R?, dx dxy) proof
requires verifying that the operator is essentially self-adjoint after an appropriate gauge
transformation; we refer to [9] for the general theory.

Lemma 5.3 (Structure of X). For each 5, € R, the equation () = r — 1y(5y) has
exactly two real roots By (Bs), with f; < 0 < B{. The curve 3 is a smooth hyperbola-like
manifold with two branches in the (3, 55) plane.

For the war of attrition, we require V;(y,,y,) — 0 as y; — 0 (exit with zero value), which
selects the branch with 5; > 0 (or S, > 0 by symmetry). The physically relevant portion
of the spectral representation is:

Vi(y1,y2) / C; (B ﬂ2 (Bv) dp, + particular solution, (5.1)

where (35 (/3;) is the negative branch root at each ; > 0, and the particular solution
matches the boundary data on the certainty boundary.

Remark 5.4 (Mellin transform) In the symmetric case 0, = 0y =: 0, Uy = ly =: U,
the Mellin transform V (s, s,) f f Y2V (y, yo) dy, dy, converts the PDE
(£, + £y — 1)V = 0 into the algebraic equation [1)(s;) + ¥(sy) — 1]V (sy, s5) = 0, whose
support is exactly ¥. This provides a systematic route to closed-form solutions in the

symmetric case.

6. The Symmetric Case

Assume p; = py = W, 0, = 09 = 0, 7r(12> = 7T(22) =, 7r§1) = W;l) =:II, and ¢; = ¢y =t c.
By the symmetry of the problem, V;(y;,y5) = V5(y5,y,), and the free boundaries satisfy
Fl - F2 = F.

Theorem 6.1 (Symmetric free boundary). Under the symmetry assumptions, the free
boundary T' is the graph of a decreasing function: T = {(y1,95) : y1 = Y(yy)} for a
smooth, strictly decreasing function ~y : [z*,y] — [z*,y] with v(v(y)) = y (self-inverse),
v(x*) =y, and y(y) = z*. Proof. The monotonicity of v follows from the comparison
principle for the elliptic operator £+ L,—1 and the strict monotonicity of the indifference

condition in y;. The self-inverse property v oy = id is a consequence of the symmetry

Vi (?ha 3/2) = V2(y2v y1)-
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Proposition 6.2 (Exact product solution and diagonal restriction). Define the basis func-
tion:
¢<y) p— y5+ _ (x*)5+*57y577

where B* are the two real roots of Y(B) =1/2. Then: 1. ¢(z*) =0 and (£—r/2)$ = 0. 2.
Vo(y1,yg) = Ad(yy) d(yy) is an exact solution to (£, + Ly —1)Vy = 0 in the mized region,
vanishing on both exit boundaries {y, = =*} and {y, = x*}. 3. The restriction to the
diagonal is v(y) := Vy(y,y) = A[d(y)]2, and A > 0 is determined by continuity matching at
y=c/m¥: A= (7T<2)§/(rj,u) —c¢/r) | [6(y)]2. Proof. Part (1): direct substitution. Part
(2): every monomial ylﬁlygj fori,j € {+,—} satisfies w(@) + ¢(,§]) =r/24+71/2=r, s0
lies on the spectral curve ¥ — hence each of the four monomials in the product qg(yl)qg(gh)
satisfies the PDE, and so does any linear combination. Part (3): restriction toy; =y, =y

immediately gives [(y))2.

Remark 6.3 (Distinction from the 1D model). The basis ¢ uses roots of ¥(3) = r/2 (half
the discount rate), whereas the 1D companion basis ¢ uses roots of ¥(3) = r (full discount
rate). For p = 0.02, 0 = 0.20, r = 0.08: f* = £+2 and Bi = 4++/2 ~ +1.414. The diagonal
formula v(y) = A[¢(y)]? expands to:

u(y) = Ay —2A4(a)F B 4 A(ar)2B 828

containing exponents 25i ~ +2.83 and a constant term —2A(a:*)2\/§, absent from the 1D
model. The coefficient A ~ 0.167 is smaller than the 1D coefficient A, = 1/3, reflecting
the additional exit risk from the partner’s independent shock.

Corollary 6.4 (Closed-form hazard rate on the diagonal). The equilibrium hazard rate

on the diagonal y; = yy =y 1s:

Ay) = VI (y) —u(y)’ y € (z,y),

with v(y) given by Proposition 5.1.
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Figure 2: Value functions V! (y) (monopoly, winner’s value) and Vy(y, y) (1D companion

game value) along the diagonal y;, = y, = y. The kink at 4 = ¢/7?) marks the transition

from the mixed region to the certainty region.

Symmetric case: exact 2D diagonal restriction vs 1D companion
Different exponents (26* = +2.83 vs B* = +2) and coefficients

15 | = 2D exact diagonal viy) =ALWIZ, wB) =12 )
— — 1D companion V,(y) =A,¢(y), w(B*) =r 7
1.0
0.8 -
]
E
g 0.6 1
0.4
0.2 1
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0.00 0.‘25 X 0.‘50 0."75 1.(‘)0 1.‘25 1.%0 1.1f5
y (diagonal y1=y2=y)
Figure 3: Symmetric case — 2D leading spectral term v(y) = Ay, [y*®" — (2*)4?” | with
Y(B*) = r/2 (solid) versus the 1D companion value V,(y) = A,[y? — (z*)y? ] with

() = r (dashed). The two functions have the same qualitative structure but different

exponents and coefficients, reflecting the additional uncertainty in the two-dimensional

model.

7. The Asymmetric Case: Numerical Solution

In the asymmetric case, the free boundaries I'; and I'y are distinct curves that must be

determined simultaneously with the value functions. We solve the coupled LCP numeri-

cally.
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7.1 Finite Difference Discretisation

Let Q;, = {(y1.4,%2,) : % = 0,...,N;,j = 0,..., Ny} be a uniform grid on [0,Y;,,]* with
spacing hy = Y, ../N; and hy = Y, .. /Ny. We discretise £, + £, — r using standard
centred differences for the second-order terms and upwind differences for the first-order
(drift) terms:

(*C? + ,clg - r)‘/i,j = Ai,jvi—l,j + Bi,jvi+1,j + Ci,jvi,j—l + Di,jvi,j+1 + Ei,jvi,j? (7.1)

where the coefficients A, B, C, D, E' encode the discretised diffusion and drift terms, and
E; ; <0 (coercivity). The coupled system for (V;,V3) is then a large sparse linear system
subject to the complementarity constraint V; > 0.

1 Algorithm 1: Projected SOR for the 2D War of Attrition LCP

3 Input: Grid (Omega_h), parameters (mu_i, sigma_i, pi_i, ¢, r), tolerance eps

4 Output: Value functions V1, V2 on Omega_h

6 Initialise: V1 := V1~(1) (monopoly value, pointwise), V2 := 0.1 * V1

7 Set omega := 1.5 (SOR relaxation parameter)
9 Repeat until ||V1_new - V1||_inf < eps and ||V2_new - V2||_inf < eps:
11 For each grid point (i,j) in row-major order:

13 -- Update V1 (firm 1's value) --

14 Compute residual R1 := (L1"h + L2°h - r) V1_{i,j} + lambda_2(i,j) *
(vi~(1)_i - vi_{i,ijP

15 Gauss-Seidel update: V1_new := V1_{i,j} - omega * R1 / E_{i,j}

16 Project: Vi_{i,j} := max(V1i_new, O)

17

18 -- Update V2 (firm 2's value) --

19 Compute residual R2 := (L1"h + L2°h - r) V2_{i,j} + lambda_1(i,j) *
(v2~(1)_j - v2_{i,3i®H

20 Gauss-Seidel update: V2_new := V2_{i,j} - omega * R2 / E_{i,j}

21 Project: V2_{i,j} := max(V2_new, O)

23 Update hazard rates from current iterates:
24 lambda_i(i,j) := max(0, (c - pi_i * y_{i,j}) / (v_i~(1) - v_i_{i,j}))

25 (set to 0 if denominator <= 0 or numerator <= 0)

27 Output V1, V2.

Remark 7.1 (Convergence of projected SOR). The projected SOR iteration converges for
w € (0,2) under the M-matrix property of the discretised operator, which holds when the
mesh spacing satisfies hy, < 0% /|p;| for each dimension k (the standard CFL-like condition
for upwind schemes). See [6] for the general LCP convergence theory.
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7.2 Free Boundary Iteration

Once V; and V, are computed on the grid, the free boundaries I'; and I', are recovered

by the following Newton iteration on the smooth-pasting residual.

Algorithm 2: Free Boundary Iteration (Newton)

Input: Converged grid values V1, V2 from Algorithm 1
Grid Omega_h, smooth-pasting tolerance tol_f£fb
Output: Free boundary curves Gamma_1(y_2), Gamma_2(y_1)

-- Initialise free boundary guess --
For each column j (fixed y_2 = y_{2,j}):
Find leftmost i* such that Vi_{ix,j} > O
Set gamma_1(y_{2,j}) := y_{1, i*} (initial guess for Gamma_1)

For each row i (fixed y_1 = y_{1,i}):
Find lowest j* such that V2_{i,j*} > 0
Set gamma_2(y_{1,i}) := y_{2, j*} (initial guess for Gamma_2)

-- Newton refinement --

Repeat until max_j |Delta_1(j)| < tol_fb and max_i |Delta_2(i)| < tol_fb:

For each j:

yl := gamma_1(y_{2,j})

Residual: F1 := Vi(y1l, y_{2,jP) (should be 0 on Gamma_1)
Derivative: dF1 := partial_yl Vi(yl, y_{2,j}) (finite difference)
Newton step: Delta_1(j) := -F1 / dF1

Update: gamma_1(y_{2,j}) := gamma_1(y_{2,j}) + Delta_1(j)

For each i:
y2 := gamma_2(y_{1,i})
Residual: F2 := V2(y_{1,i}, y2)

Derivative: dF2 := partial_y2 V2(y_{1,i}, y2)
Newton step: Delta_2(i) := -F2 / dF2
Update: gamma_2(y_{1,i}) := gamma_2(y_{1,i}) + Delta_2(i)

Re-solve LCP (Algorithm 1) with updated free boundary estimate as warm

start.

Output Gamma_1 := {(gamma_1(y_{2,j}), y_{2,j})} and Gamma_2 := {(y_{1,i},
gamma_2(y_{1,i})) 2.

10
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Value functions in the two-dimensional state space

V,(y1.Y2) — game value (exact ¢ product) V(y;) — winner value (exact, y;-only)

1.40 2.00 1 3.94
1.20 1.75 4 3.37
| S
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Figure 4: Contour plots of the game value Vy(y,,9,) (left) and the winner value V1 (y,)
(right) on the state space. Left panel. V, is the exact product solution A ¢(y,)d(ys,); it is
genuinely two-dimensional. The contours are symmetric about the diagonal y; = y, (white
dashed line), reflecting the payoff symmetry of the model. The value vanishes on both exit
boundaries {y, = 2*} and {y, = 2*} (the exit condition ¢(z*) = 0 is satisfied exactly), and
rises toward the corner (y,y) where the game approaches certain continuation. The level
sets are hyperbola-like curves of the form qg(yl)(;;(yQ) = k, symmetric about the diagonal.
Right panel. V) (y,) produces perfectly vertical stripes: the winner’s value depends
only on its own demand y; and is entirely independent of y,. Once the opposing firm
exits, the y, dimension becomes irrelevant. The contrast between the two panels is the
figure’s central message: strategic interaction is two-dimensional (left), but the post-game
outcome collapses to one dimension (right). Note also that V(1) > V,, everywhere, since the
monopoly flow coefficient 7(!) = 0.15 is nearly double the duopoly coefficient 7(2) = 0.08
— the asymmetry of prize versus game value is the engine of the war of attrition.

11
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Equilibrium exit hazard rates in the mixed region (x*, ¥)> — log scale
Az(y1.y2) =(c = ny1) [ (VD (y1) = Valy1,y2)); symmetry: A1(y1,y2) = Az(y2, y1)

A1(y1,y2) — firm 1 exit hazard rate [=A2(y2,y1)]

A2(y1,y2) — firm 2 exit hazard rate
Mirror image: high when y; small (firm 2 weak)

High when y1 small (firm 1 weak); zero when y1 =y
|
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Figure 5: Equilibrium exit hazard rates A\y(y;,y,) (left) and A;(y;,y5) (right) in the
mixed region (z*,%)?, plotted on a log scale. Both panels use the formula Aj =
(c — my,) ) (VW (y,) — Vy(yy,y)) derived from the indifference condition of Theorem
3.1, with V; the exact product solution of Proposition 5.1. Reading the left panel. ),
is the rate at which firm 2 exits, and it depends primarily on y; — firm 1’s state. Moving
left (decreasing y;): firm 1 becomes weaker, so firm 2 must exit faster to keep firm 1
indifferent between staying and exiting. The hazard rate A, — 0o as y; — =* (bottom-left
corner, annotated), an integrable singularity: at the monopoly exit threshold firm 1 is on
the verge of leaving regardless, so the indifference condition forces A, to blow up. Moving
right (increasing y; — ¥): the numerator ¢ — 7®y; — 0 and A\, — 0 (top-right corner) —
firm 1 is strong enough to be certain to stay, so firm 2 need not exit at all. The y, depen-
dence is secondary: for fixed y,, a larger y, raises V,(y,,y,) and shrinks the denominator
VW (y,) — Vy, slightly increasing \,. Reading the right panel. \;(y;,v) = A\y(¥s, ;)
by the payoff symmetry of the model — the right panel is the exact mirror image of the
left about the diagonal y; = y, (white dashed line). On the diagonal both hazard rates
are equal and moderate. The log scale is necessary: A ranges from near zero (top-right,
certainty corner) to above 20 (bottom-left, exit corner), spanning two orders of magni-

tude. The interior contours — which carry the economic content of the equilibrium —

are clearly visible only on a log scale.

8. The Degeneration Limit

We characterise the degenerate limit of the two-dimensional model as ¢ — 0 and show
that the diagonal ODE structure is identical to the one-dimensional companion model [3].

Theorem 8.1 (Degeneration as 0 — 0). Fix pi; = gy = p1 >0 and let 0y = 05 =0 — 0.
Then: 1. The two-dimensional free boundary curves I'y,I'y collapse to the thresholds
¥ = c(r —p)/(rnV) and 5 = ¢/m? on the positive real line, identical to the one-
dimensional model. 2. On the diagonal y, = y, = y, setting v(y) = V(y,y) and letting
o — 0, the PDE (£, + £y — 1)V = 0 degenerates to the first-order equation pyv'(y) —
ru(y) = 0, giving power-law solutions v(y) o y ", This is structurally identical to the

one-dimensional degenerate equation; the two models differ only through the calibration

12
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coefficient A. 8. The convergence of free boundaries follows from stability of optimal
stopping under weak convergence of the underlying process; see [7]. Remark 7.1 (Chain-
rule cancellation on the diagonal). The identity of the 2D and 1D degenerate ODEs
follows from the chain rule. Set v(y) =V (y,y). Thenv'(y) =9, V(y,y)+0,,V(y,y). By
symmetry 0, V(y,y) = 0, V(y,y) = v'(y)/2. As 0 — 0, the second-order terms vanish
and (£ +£2)V|(y’y) = py-0, V(y,y)+py-0,,V(y,y) = py-v'(y). The apparent doubling of
the drift is cancelled by the factor of one-half in each partial derivative, and the degenerate

ODE is uyv’” — rv = 0, matching the one-dimensional model exactly.

Remark 8.2 (Spectral roots as ¢ — 0). The 2D diagonal roots B+ (solving 1/}(5) =r/2)
satisfy, by Vieta’s formulas: BNJ“ . 5‘ = —r/o? - —oo0 and 5* + 5_ = —(2u/o? —1) —
—o0. Hence Bt — r/(2u) (finite) and B~ — —r/(62 - 1/(2p)) = —2u/0? — —oo. The
diagonal basis function [¢(y)]2 = [yﬁ+ — (x*)ﬁ+_57y57]2 degenerates in the limit: the term
(@) y = (2% /y)F - (@)F" = 0 for y > a* as f~ — —o0, 50 [b(y)]2 — ¥ — 7/,
recovering the power-law solution of the degenerate ODE.

9. Conclusion

We have developed a complete theory of the two-player war of attrition on a bivariate
geometric Brownian motion. The central structural result is that the equilibrium value
functions satisfy a coupled elliptic PDE system (£, + £5 —r)V; = 0 in the mixed region
— the same ODE collapse that characterises the one-dimensional model, elevated to two
dimensions. The spectral curve ¥ = {(8;, B5) : ¥1(81) +15(5,) = r} parametrises all solu-
tions and provides the natural framework for constructing closed forms in the symmetric

case and efficient numerical methods in the asymmetric case.

Several extensions are natural. First, the model can be generalised to correlated Brownian
motions (dW; - dW, = pdt), which introduces a cross-derivative term po,05y,y29, 0, V;
in the PDE. The spectral curve ¥ is modified accordingly and the separation of variables
in the symmetric case becomes more involved. Second, the framework extends naturally to
the n-player case via an n-dimensional GBM state space, though the free boundary geom-
etry becomes considerably richer. Third, mean-reverting processes (Ornstein—-Uhlenbeck)
replace the power-law spectral basis with parabolic cylinder functions, and the spectral

curve becomes an ellipse rather than a hyperbola.
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